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Abstract
We critically review some concepts underlying current applications of gravity
theories with Lagrangians L = f(gµν , Rαβµν) to cosmology to account for the ac-
celerated expansion of the universe. We argue that one cannot reconstruct the
function f from astronomical observations either in the solar system or in cosmol-
ogy. The Robertson–Walker spacetime is so simple that any cosmic evolution may
be fitted by infinite number of various Lagrangians. Prior to application of a given
gravity theory to cosmology or elsewhere it is necessary to establish its physical
contents and viability. This study may be performed by a universal method of
Legendre transforming the initial Lagrangian in a Helmholtz Lagrangian. In this
formalism Lagrange equations of motion are of second order and are the Einstein
field equations with additional spin–zero and spin–two fields. All the gravity the-
ories differ only by a form of interaction terms of the two fields and the metric.
Initial conditions for the two fields in the gravitational triplet depend on which
frame (i.e., the set of dynamical variables) is physical (i.e. matter is minimally
coupled in it). This fact and the multiplicity of possible frames obstruct con-
frontation of solutions to equations of motion with the observational data. A
fundamental criterion of viability of any gravity theory is the existence of a stable
ground state solution being either Minkowski, de Sitter or anti–de Sitter space.
Stability of the ground state is independent of which frame is physical. The fact
that all metric nonlinear gravity theories (except some singular cases) are dynam-
ically equivalent to Einstein gravity plus the spin–two and the scalar field allows
to investigate the stability problem using methods developed in general relativity.
These methods can be directly applied to L = f(R) theories wherein the spin–two
field is absent. Furthermore for these theories which have anti–de Sitter space as
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the ground state we prove a positive–energy theorem allowing to define the notion
of conserved total gravitational energy in Jordan frame (i.e., for the fourth–order
equations of motion). As is shown in eleven examples of specific Lagrangians the
stability criterion works effectively whenever the curvature of the ground state is
determined. An infinite number of gravity theories have a stable ground state and
further viability criteria are necessary.
PACS numbers: 04.50.+h, 98.80.Jk
1 Introduction
Metric theories of gravity, where the Lagrangian is any smooth scalar function of the
curvature tensor, L = f(gµν , Rαβµν), named metric nonlinear gravity (NLG) theories,
have ﬁrst attracted attention as possible candidates for foundations of quantum gravity
due to their renormalizability properties [1] and then as a possible source of inﬂationary
evolution of the very early universe [2]. A recent revival of interest in these theories
has come from cosmology. In fact, the theoretical state of aﬀairs in cosmology is aston-
ishing. According to reliable wealth of astronomical data we live in the spatially ﬂat
Robertson–Walker spacetime (Einstein–de Sitter) universe with the energy density of the
cosmic stuﬀ equal to the critical density. The luminous matter (stars) contribute only
0,5 percent to this energy and all invisible (”dark”) baryons (brown dwarfs, jupiters,
black holes, hot extragalactic gas in galaxy clusters etc.) contribute no more than 4
percent (estimates based on primordial nucleosynthesis). Furthermore, numerous large
and rich clusters of galaxies form gravitationally bound and stable systems provided
their masses are six to seven times greater than the total mass of all (luminous and
dark) baryons they contain. This missing mass, the mark matter, must consist of stable
massive elementary particles which do not ﬁt the standard model of particle physics (nor
its reliable extensions). And this is not the largest puzzle for particle physics since 1998
evidence have accumulated that presently (and for the last billion years) the universe is
in a state of accelerated expansion. The material stuﬀ responsible for any acceleration
of the universe must necessarily be in a form of a perfect ﬂuid with negative pressure.
This in turn is in conﬂict with thermodynamics, according to which a system of par-
ticles in equilibrium cannot have a negative pressure. Hence the dark energy driving
the acceleration cannot consist of particles, whatever exotic. At ﬁrst sight it seemed
that it was evidence for the cosmological constant Λ, but soon this interpretation met
diﬃculties. In summary, the universe consists of baryons (4 percent), unknown stable
massive particles forming nonbaryonic dark matter (26 percent) and dark energy (70
percent) about which we have only negative knowledge: these are not particles. About
96 percent of the material content of the universe is a great mysterious puzzle.
On the other hand the laboratory experiments and astronomical observations con-
ﬁrming general relativity are still not very numerous and belong to a rather narrow class
2
of tests. It is therefore attractive to conjecture that both the gravitational stability of
galaxy clusters and the acceleration of the universe are not due to some unknown forms
of matter, but can be accounted for by some modiﬁcation of gravity theory. Modiﬁ-
cations may go in all possible directions; here we deal with the most popular concept,
the metric NLG theories. Among these the restricted NLG theories, wherein the La-
grangian is a function of the curvature scalar alone, L = f(R), have been most frequently
investigated. This approach to the dark matter and dark energy problem is sometimes
referred to as a ”curvature quintessence scenario”. A typical motivation underlying this
approach is following. Consider a Lagrangian of the form L = R + R2 + 1
R
and the
Robertson–Walker spacetime. In the very early universe, when the curvature was large,
the R2 term was dominating generating some kind of inﬂation [2]. At present R is small
and the 1
R
term dominates giving hopefully rise to the accelerated evolution. And for
the most time in the history the curvature scalar had intermediate values so that the
linear term was leading preserving all the successes of the standard Friedmann cosmol-
ogy [3, 4, 5, 6, 8, 9, 10]. This argument, attractive as it sounds, is misleading for three
reasons.
Firstly, if one makes a correction to the Einstein–Hilbert Lagrangian in the form
L = R + ε(R) where ε(R) is any nonlinear function, it is not true that the resulting
corrections to solutions of Einstein’s theory are small when ε(R) is very small and
become signiﬁcant only when ε(R) is suﬃciently large. The point is that any nonlinear
correction to L = R drastically alters the dynamical structure of the theory: the ﬁeld
equations become of fourth–order instead of second order and the higher curvature
terms, even seemingly small, are always very important. To show the eﬀect we consider
a very simple model, a one–dimensional harmonic oscillator perturbed by introducing a
small term with the third derivative,
ε
...
x +x¨+ ω2x = 0,
with |ε| ≪ 1. One seeks for solutions of the form x = eλt, then λ = const is a solution
of a cubic equation ελ3+ λ2+ω2 = 0. One solves it by perturbing the two unperturbed
solutions, i.e. one sets λ± = ±iω + εα±. Up to terms linear in ε the solutions of the
cubic equation are α± = ω
2
2
. Thus one has two almost periodic solutions









being slowly damped or ampliﬁed periodic solutions for the unperturbed oscillator.
These are approximations to exact solutions which are analytic in ε at ε = 0. However
there is also a non-analytic at ε = 0 solution of the diﬀerential equation corresponding
to a third root of the cubic equation. Assuming that λ3 is of order ε
−1 and keeping only
the leading terms (of order ε−2) one gets λ3 = −1ε and the third solution is exponentially
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growing (ε < 0) or fading,
x3 = a3 exp(− t
ε
).
This solution is qualitatively diﬀerent from the other two and exists for arbitrarily small
ε. One expects that the space of solutions is signiﬁcantly extended by qualitatively new
solutions due to any correction ε(R) to L = R.
Secondly, the Lagrangian is not a physical observable whose value or variability
gives some insight into the state of a given physical system. It is a kind of a generating
function giving rise to equations of motion for the system and observables such as
energy–momentum tensors (canonical and variational). Any gravitational Lagrangian
is, by deﬁnition, made up of scalars, in general these are all invariants of the Riemann
tensor (and possibly their derivatives), while the resulting ﬁeld equations are tensor
ones. Any assumption about the value of a scalar appearing in L, say R, actually
tells very little about corresponding solutions. For instance, setting R = 0 in general
relativity one gets not only all vacuum solutions but also those for matter with a traceless
energy–momentum tensor. Actually one can say something nontrivial about the sought
for solution merely by inspection of the Lagrangian L = f(R) only in the case of the
simplest non–maximally symmetric spacetime, the Robertson–Walker one. In fact, the
Riemann tensor for this metric is determined by the cosmic scale factor a(t) and for
any gravitational Lagrangian (also that explicitly depending on the Weyl curvature)
the ﬁeld equations reduce to one quasilinear third order ODE for a(t), hereafter named
the quasi–Friedmannian equation. Then assuming that R is large in some epoch of
cosmic evolution and small in another one, one may neglect small terms in this equation
and ﬁnd approximate (or even exact) solutions in these epochs. This makes sense if
one is convinced that he deals with the correct Lagrangian, e.g. the Lagrangian has
been derived from ﬁrst principles (string theory, quantum gravity etc.) or otherwise
motivated. Going in the opposite direction, i.e. attempting, as is recently done, to
reconstruct the underlying Lagrangian from observed qualitative features of the cosmic
scale factor means that one has to construct the whole relativistic cosmology anew.
In fact, from the general Hawking–Penrose singularity theorem, valid in general
relativity, it follows that our universe contains a singularity since the cosmic ﬂuid satisﬁes
the strong energy condition. Then in the case of the Robertson–Walker spacetime the
Friedmann equation implies that the singularity was in the past, the initial Big Bang,
and the cosmic scale factor monotonically grows from zero at the curvature singularity.
We stress that these are generic qualitative properties of any solution to the Friedmann
equation, independent of a speciﬁc equation of state for the cosmic ﬂuid matter. On the
other hand for a generic L = f(R) the singularity theorem cannot hold. Whether or not
the theorem holds must be proved case by case. For an arbitrary function f(R), even for
many of those Lagrangians which admit a solution qualitatively ﬁtting the astronomical
data (an acceleration phase at present preceded by a deceleration phase), there was no
initial singularity. There was no Big Bang and the following ”early universe” when it
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was small, dense and hot. And the quasi–Friedmannian equation for such a Lagrangian
does not ensure that the cosmic scale factor grows monotonically from an initial small
value. What is actually done by those authors who say ”today the R−1 term is leading
in L while in the early universe the R2 term was dominant” is merely choosing a class
of (approximate) solutions for which a and R signiﬁcantly and monotonically vary in
the course of a cosmic evolution; the solutions in this class are, by construction, ever
increasing. This is a kind of ”ﬁne tuning” since one may expect that there are classes
of qualitatively diﬀerent solutions which are no less typical. This conjecture is at least
partially supported by rigorous investigations in the Einstein frame where the third
gravitational degree of freedom for L = f(R) gravity is revealed as a nonlinear scalar
ﬁeld minimally coupled to Einstein gravity: for certain simple (power–law) scalar ﬁeld
potentials all solutions (in the spatially ﬂat Robertson–Walker spacetime) are oscillatory
at late times while for potentials which are bounded from above there exist solutions
which are global to the past with the Hubble parameter H = a˙/a converging to a
constant nonzero value as t → −∞ [11]. Taking into account the complexity of the
quasi–Friedmannian equation for any nonlinear f(R), investigation of the qualitative
properties of all solutions is not easy and can only be done (case by case) by performing
a phase–space analysis. Is is fortunate that the equation can be reduced to a ﬁrst order
equation for H˙ viewed as a function of H in the case of the Einstein–de Sitter spacetime
(k = 0) and a second order one for the open and closed universe1 (Starobinsky in ref.
[2]). A preliminary analysis of evolution of the Einstein–de Sitter metric in the case od
a couple of special Lagrangians was performed by Carroll et al. [4]. For the Lagrangian
most frequently studied, introduced in [3], they found an attractor solution a → t2 for
late times and an exact solution a ∝ t1/2 starting from a curvature singularity at t = 0.
However it is diﬃcult to see from their phase portraits, which cover only a piece of one
quadrant of the phase space, whether all solutions emerge from the singularity or there
are nonsingular solutions (besides the exponentially growing and decreasing ones with
constant H) and whether oscillatory (non–monotonic) solutions are excluded. It should
be emphasized that if for a given accepted Lagrangian the two questions are answered
”no”, then all the successes of the standard Friedmann cosmology are lost.
The last statement leads us to the third reason, taking a form of a problem: to what
extent can one reconstruct the Lagrangian from a given solution? Clearly any given
function may be viewed as a solution of many diverse diﬀerential equations. Requirement
that the function is a solution of a Lagrange equation imposes stringent restrictions on
possible equations and allows one to look for a unique answer. A simple example shows
that there are cases when it can be eﬀectively done under some conditions. The Newton’s
gravitational force may be expressed as the gradient of a potential and one seeks for a
corresponding Lagrangian. The potential generates a diﬀerential scalar S = ∂iφ ∂iφ (xi
1There is a subtle mathematical assumption necessary to decrease the order of the equation, namely
that H(t) is a monotonic function. Then the analysis loses all solutions a(t) which are not monotonic.
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are the Cartesian coordinates) and the kinetic part of any Lagrangian should be some
function f(S). Furthermore there may be a potential energy V (φ) and a candidate




4f ′′(S)φ,ikφ,iφ,k + 2f
′(S)△φ+ V ′(φ) = 0




f ′′(S) + V ′(φ) = 0.
The problem is indeterminate since there are two unknown functions and one equation.
A unique solution corresponding to the Laplace equation arises either upon setting V = 0
or requiring linearity of the resulting equation.
Suppose now one is attempting to determine the Lagrangian of an underlying restricted
NLG theory from observations in the solar system. It is reasonable to assume that the
metric is static spherically symmetric. As we discuss further in this work one of essential
requirements that any viable L = f(R) theory should satisfy is that it admits solutions
either with Rµν = 0 or Rµν = Λgµν with Λ constant positive or negative (Einstein
spaces); clearly there are inﬁnitely many Lagrangians having this feature. Thus each
L = f(R) theory under consideration has either Schwarzschild or Schwarzschild–(anti)de
Sitter spacetime as a solution and if it is this solution that is realized in the nature then
no set of observations and experiments can reconstruct the function f(R). In these theo-
ries the Birkhoﬀ theorem does not hold and other static spherically symmetric solutions
do exist (very few of them are known [12]). Any solution diﬀerent from Rµν = Λgµν
is generated by nonzero values of a scalar ﬁeld being a nongeometric component of a
gravitational doublet of ﬁelds, see section 3. There are two possibilities depending on
whether the doublet is in the Jordan frame (more precisely, in Helmholtz–Jordan frame)
or in the Einstein frame. If the measurable quantities form the Jordan frame, then the
spin–0 gravity has ordinary matter as a source. In the solar system the source (the sun)
enforces spherical symmetry of the scalar. The ﬁeld is massive and unless its mass is
extremely small it is a short range one. The presence of the scalar gives rise to a non–
Schwarzschildean solution which is very close to ordinary Schwarzschild one (possibly
with Λ 6= 0). Nevertheless a recently found approximate solution for a speciﬁc form of
f(R) shows that even small corrections are detectable2 and in this case they are ruled
out by measurements [13]. In the case the Einstein frame is observable the scalar is
independent of any local matter distribution and in particular in the solar system it is
not determined by position and mass of the sun. It is rather of cosmological origin,
2This solution belongs to the class of solutions which are generated by the higher-than-second order
of the field equations in JF, i.e. it is analogous to the third solution for the perturbed harmonic
oscillator discussed in Introduction. The solution does not reduce to a Schwarzschildean one in the
limit f(R)→ R and this is why it considerably deviates from the former even if the difference f(R)−R
is negligibly small.
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i.e. the initial data are ﬁxed and common for the entire universe. Then the scalar ﬁeld
is (almost) homogeneous and to avoid a conﬂict with the cosmological observations it
must be very weak giving rise to unmeasurable eﬀects in the solar system. This means
that all observations performed there will conﬁrm the Schwarzschild metric. Even the
cosmological constant is undetectable locally since the most sensitive to it eﬀect, the
perihelion shift of Mercury, requires |Λ| ≥ 10−41m−2 [14], while the cosmologically ad-
missible value is |Λ| ≈ 10−52m−2. Thus observations may eﬀectively distinguish between
the two frames. If Jordan frame is physical then small corrections to Schwarzschild met-
ric generated by the scalar are ruled out by the observations in vicinity of the sun in the
case of most Lagrangians investigated up to now [15, 8, 16, 10, 17, 18, 19, 45], though
there are arguments that the linear approximation applied to calculate these corrections
may not be valid within the solar system [20].
The Robertson–Walker spacetime has a higher (six–dimensional) symmetry group
and thus is so simple that each metric NLG theory, i.e. any L = f(gµν , Rαβµν), admits
it as a solution (in the sense that the corresponding quasi–Friedmannian equation has
solutions) and one expects that inﬁnitely many of them predict a deceleration phase in
the past and an accelerated evolution in the present epoch. It has been conjectured that
any cosmological evolution may be realized by some speciﬁc L = f(R) [6]. And it is
impressive that the astronomical data may be ﬁtted by such diverse functions as rational
and exponential ones [21], a combination of two conﬂuent hypergeometric functions [6],
a combination of two hypergeometric functions [78] and even an implicit form of f(R)
was found which is consistent with the three years collection of WMAP data [6]. These
results were found by studying the quasi-Friedmannian equation, i.e. the dynamics of
L = f(R) theory; if one applies the dynamically equivalent Einstein frame it is easy to
show that for any scale factor a(t) there exists at least one function f(R) having this
factor as a solution of the ﬁeld equation [22]. Therefore there is no surprise that also by
inclusion of corrections in a form of inverse squares of the Ricci and Riemann tensors
the Supernovae data can be ﬁtted without the need of any dark energy [7, 4].
The main problem of cosmology which arises in this ﬁeld of investigations is therefore
whether it is possible at all to eﬀectively uniquely recover the underlying Lagrangian
L = f(R) from an exact analytic solution a(t) to the quasi–Friedmannian equation.
(Reconstruction of a Lagrangian depending on more than one curvature invariant is
impossible.) In a modiﬁed version the problem has been solved in an ingenious work by
Capozziello et al. [23] who undertook an ambitious task of determining f(R) assuming
that one knows from observations a precise analytic dependence of the Hubble param-
eter H on the redshift parameter z, H(z). They expressed the curvature scalar R as a
function of H(z) and then derived an equation for f [R(z)] from the quasi–Friedmannian
equation3. The equation for f is a linear third order ODE with coeﬃcients being ex-
3The evolution equation for a(t) may be transformed into an equation for a(z) and then for f [R(z)]
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tremely complicated functions of H(z) and hence, in spite of its linearity, is analytically
intractable. The authors were able to ﬁnd out the initial data from observations for the
equation so that there is a unique solution, but it is inaccessible. The method is unique
and ineﬀective. It requires an exact analytic form of H(z) while astronomic observations
provide only a ﬁnite set of values H(z) which are aﬀected by large errors. To circum-
vent this diﬃculty the authors used a couple of simple functions approximating the real
dependence of H on z which arise in recent models for dark energy such as quintessence
and the Chaplygin gas. Given these analytic expressions, the numerical integration of
the equation for f [R(z)] is inevitable, then the solution is approximated by an empirical
function. The ﬁnal analytic ﬁt for f(R) looks rather unconvincing (eq. (48) of [23])
and the authors caution the reader against drawing any physical implications from it.
An ultimate conclusion from this important work is that reconstructing the underlying
Lagrangian from a Robertson–Walker solution is a hopeless task. Relativistic metric
theories of gravity are much more intricate than Newton’s law of gravitation. It is in
order here to remind the Einstein’s view that a new physical theory is never formulated
by induction from a pile of empirical data.
All that above does not imply that alternative theories of gravity should not be
applied in cosmology and in particular should not be used to account for the dark en-
ergy. Today the situation in gravitational physics is exceptional as compared to other
branches of physics: the well established and conﬁrmed theory, general relativity, seems
to be just a point in the ”space” of all existing and conceivable theories of gravitational
interactions and its nearest neighbourhood is densely populated by its alternatives, the
metric NLG theories. The very existence of these theories entitles one to apply them
to describe eﬀects which are gravitational or may be interpreted as such. On the other
hand the wealth of these theories makes necessary, before making any applications of
one chosen from this huge set, to investigate two problems: i) to determine all possible
interrelations between them and their relationships to general relativity, ii) whether a
given gravity theory satisﬁes all the well grounded general rules of classical ﬁeld theory
and has acceptable properties. These include:
—determination of particle contents (spectrum),
—existence of a stable maximally symmetric ground state,
—form of interactions with ordinary matter, i.e. which quantities are measurable.
We do not include in these rules that a given theory should have a Newtonian limit. The
issue is controversial and there are conﬂicting results on the weak–ﬁeld limit of an NLG
theory for diﬀerent Lagrangians. It is not suﬃcient to get in the linear approximation
the Poisson equation for a scalar potential [24] or another equation appearing in the
Newtonian gravity (such as the stellar hydrostatic equilibrium one [25]). Newtonian
provided z(t) is a monotonic function. As discussed above this means that one takes into account only
this class of solutions. It is unclear as to what extent this restriction affects the final outcome.
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gravity is well deﬁned as a small static perturbation of Minkowski spacetime while in
NLG theories the ground state solution is usually curved being de Sitter or anti–de Sitter
space. The problem of the Newtonian limit is not convincingly solved even in general
relativity in the presence of the cosmological constant.
Investigations of the second problem, i.e., to what extent the metric NLG theories
are viable from the viewpoint of classical ﬁeld theory are the main subject of the paper.
In section 2 we count the number of degrees of freedom and brieﬂy discuss the particle
spectrum of a general NLG theory. The latter subject requires replacing the fourth–
order Lagrange equations by dynamically equivalent second order ones for the resulting
gravitational triplet of ﬁelds; this aim is achieved by the powerful method of Legendre
transformations. This decomposition is crucial for all investigations of the theory. The
triplet may be described in inﬁnitely many diﬀerent frames and the two most important
ones and the problem of coupling ordinary matter to the gravity ﬁelds are presented
in section 3. The controversial problem of which frame is physical does not aﬀect the
criteria of viability of various gravity theories. The most fundamental criterion is the
existence of a stable maximally symmetric ground state solution: either Minkowski, de
Sitter or anti–de Sitter space and in section 4 we brieﬂy review methods and results of
stability investigations of these spaces in the framework of general relativity. Multiplicity
of candidate (i.e. possible) ground state solutions (corresponding to diﬀerent values of the
curvature scalar) is shown in section 5 and in section 6 the second–order (Einstein) ﬁeld
equations are formulated in Einstein frame allowing for investigations of stability of the
candidate solutions. Also a positive–energy theorem in L = f(R) theories for spacetimes
which are asymptotically anti–de Sitter spaces is proved. It is assumed in this work that
dynamical stability of a ground state is ensured if the scalar component of gravity
satisﬁes the dominant energy condition. The latter holds if the potential for the scalar
is non–negative and attains minimum at the ground state and its explicit formulation in
terms of ground state quantities is given in section 7. How the criterion works in practice
is shown in section 8 where it is applied to 11 speciﬁc Lagrangians. Conclusions and
further considerations concerning the possibility of recovering the underlying L = f(R)
Lagrangian from a given (cosmological) solution are contained in section 9.
2 Particle spectrum
We consider in this section the general metric NLG theory based on an arbitrary La-
grangian L = f(gµν , Rαβµν). The theory is metric in the sense that a nondegenerate
tensor ﬁeld gµν with Lorentzian signature is the only independent dynamical quantity.
One may also investigate a metric–aﬃne theory (”the Palatini method”) with the same
Lagrangian wherein one takes independent variations of L with respect to the metric and
a symmetric connection. As is well known, for any L diﬀerent from R the two theories
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diverge. Some authors claim that the metric–aﬃne approach is more natural since the
Lagrange equations are of second order while in the purely metric theory they are of
fourth order. However the metric NLG theory is not inherently a higher derivative one.
The tensor gµν appearing in the Lagrangian actually is a kind of unifying ﬁeld mixing
various particles (ﬁelds) with diﬀerent spins and masses. To ﬁnd out a physical inter-
pretation of the ﬁeld it is necessary to decompose it in a multiplet of these ﬁelds. Then
equations of motion for the separate ﬁelds are of second order and display a physical
content of the theory better than the original fourth–order ones. This is why referring to
NLG theories as ”higher derivative ones” is misleading. In this respect the metric–aﬃne
approach is not advantageous over the purely metric formalism and we prefer the latter
as conceptually simpler.
To avoid any confusion and for sake of completeness we begin with determining the
degrees of freedom of the general metric NLG theory though it may be found in the
literature. Counting the degrees of freedom (d.o.f.) in this case is far from trivial. The
quadratic theory, L = R+R2+RµνR
µν , is known to have eight d.o.f. [1, 26, 27, 28]. For
Lagrangians with arbitrary dependence on the Ricci tensor and applying a perturbative
approach to Lagrangians depending on the Weyl tensor the d.o.f. were ﬁrst counted
by Hindawi et al. [29] by using a second order version of the theory. For most general
Lagrangians it is possible to determine the maximal number of d.o.f. in the initial
fourth–order formulation. It is well known that the pure gravitational ﬁeld in general
relativity, Rµν = 0, has two d.o.f. [30] and we shall count them in the same way for
L = f(gµν , Rαβµν). The number of d.o.f. for a given system is deﬁned as a half of the
number of arbitrary functions needed to uniquely specify the initial data for the Cauchy
problem for the equations of motion of the system. The equations of motion following
from this Lagrangian form a system of ten tensor PDE of fourth order Eαβ = 0 for the
unifying ﬁeld gµν . Let a spacelike hypersurface S be chosen as an initial data surface
for the equations. The theory is generally covariant (diﬀeomorphism invariant) and one
can freely choose a coordinate system in the spacetime and the most convenient one is
the comoving system (normal Gauss coordinates), g00 = −1, g0i = 0, such that S has an
equation t = 0. There are six unknown functions gik and the initial Cauchy data consist
of values of gik, ∂gik/∂t, ∂
2gik/∂t
2 and ∂3gik/∂t
3 on S; these are 24 functions of three
coordinates xi. The data are subject to a number of constraints. First, the coordinates
on S may be freely changed and this gives a freedom of choice of 3 functions of these
variables. Secondly, the trace of the extrinsic curvature of S may be given any value,
i.e. one function is arbitrary. Finally, the general covariance of the theory implies, in
the same way as in general relativity, that some of the ﬁeld equations are constraints.






under an inﬁnitesimal coordinate transformation gives rise to a strong Noether conser-
vation law (”a generalized Bianchi identity”) ∇βEβα ≡ 0 (see e.g. appendix A in arXiv









α − ΓνβαEβν = 0.
The last three terms contain at most fourth time derivatives of gµν and the identity
implies that ∂0E
0
α cannot involve ﬁfth time derivatives. Thus E
0
α involve at most third
time derivatives and E0α = 0 are not propagation equations but form four constraints on
the initial data. Together the number of independent Cauchy data is diminished to 16
arbitrary functions and thus a general metric NLG theory has eight d.o.f.
For a restricted NLG theory, L = f(R), being the main subject of this work, the
number of d.o.f. is less than 8 what means that the equations Eαβ = 0 generate addi-
tional constraints on the Cauchy data. It is not easy to determine all the constraints
from these equations and one should instead apply a second order formulation of the
theory. To this end it is adequate to view the L = f(R) theories in a wider context of
as large class of of NLG theories as possible. We therefore consider for the time being
Lagrangians L = f(gµν , Rαβ), i.e. with no dependence on the Weyl tensor.
An adequate mathematical tool for this purpose is provided by a speciﬁc Legendre map
[32, 33, 34]. For these NLG theories the method is as general and powerful as Legendre
maps transforming the Lagrangian formalism into the Hamiltonian formalism in clas-
sical mechanics and classical ﬁeld theory. Yet the method is not currently used in a
systematic way and most papers on applications in cosmology have employed various
ad hoc tricks to transform from the Jordan frame to the Einstein frame. The tricks in
most cases give results equivalent to the Legendre transformation, however do not allow
to fully display the structure and features of the theory. Here we give a brief summary
of investigations of particle spectrum contained in [35] while the general formalism is
described in [32, 33, 34].
The Jordan frame consists of only one dynamical variable, the tensor ﬁeld gµν , JF =
{gµν}, which plays both the role of a metric tensor on a spacetime M and a kind of
unifying gravitational ﬁeld being a composition of some ﬁelds having deﬁnite spins and
masses. Pure gravity is then described by a multiplet of the ﬁelds having together at
most eight d.o.f., the metric is a geometric component of the multiplet. The unifying
ﬁeld may be decomposed into the component physical ﬁelds in two ways. The ﬁrst
method assumes that gµν is the spacetime metric and one separates from it, by means
of a Legendre map, the additional degrees of freedom, i.e. the other components of the
multiplet. The Ricci tensor is decomposed into its irreducible parts, the trace R and
the traceless tensor Sµν ≡ Rµν − 14gµν , then one deﬁnes a scalar and a tensor canonical
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momentum conjugate to the ”velocity” Rµν by Legendre transformations
χ+ 1 ≡ ∂L
∂R
, πµν ≡ ∂L
∂Sµν
= πνµ.
Together with the metric the two ﬁelds form a gravitational triplet, named the Helmholtz–
Jordan frame, HJF = {gµν , χ, πµν}. Equations of motion for the triplet follow from a
Helmholtz Lagrangian LH which is dynamically equivalent to the initial L = f(gµν , Rαβ).
Here one meets a technical obstacle: to get an explicit form of LH one must express R
and Sµν in terms of χ and π
µν , i.e. to solve the deﬁning equations to ﬁnd R = r(χ, πµν)
and Sµν = sµν(χ, π
αβ). For a general L = f(gµν , Rαβ) this requires solving nonlinear
matrix equations. (No doubt, the power of Hamiltonian formalism in physics stems
from the fact that physically relevant Lagrangians are quadratic in ”velocities”.) This
is why only Lagrangians that are quadratic in the Ricci tensor have been investigated
in detail. However the formalism in principle works for any L. Furthermore, as we shall
see, in the Einstein frame the speciﬁc dependence of L on Rµν only aﬀects interaction
terms while the general structure of the theory remains unaﬀected, therefore although
a general formalism (in HJF) has been developed for any function f , in practice one
applies only those f for which the Legendre transformations may be eﬀectively inverted.
For any f the Helmholtz Lagrangian reads
LH = R + χR + π
µνSµν −H(χ, πµν), (1)
where H is a Hamiltonian. This Lagrangian is linear in Rµν , what implies that La-
grange equations for gµν take form of Einstein ﬁeld equations, Gµν = Tµν(Rαβ , χ, π
αβ).
The RHS of these equations is by deﬁnition an energy–momentum tensor for the two
ﬁelds and it depends linearly on the Ricci tensor and on the ﬁrst and second derivatives
of χ and πµν . There are no kinetic terms for χ and πµν in LH and propagation equations
for the ﬁelds are derived in a rather intricate way from Tµν , these are hyperbolic second
order ones. Both the ﬁelds are subject to one algebraic and four ﬁrst order diﬀerential
constraints and in consequence they carry together six degrees of freedom. In summary,
the particle spectrum of the theory exhibited in HJF consists of: a massless spin–2 ﬁeld
(graviton4, spin two and 2 d.o.f.), a massive spin–2 ﬁeld (5 d.o.f.) and a massive scalar
ﬁeld. This outcome (with the same values of the masses for the two ﬁelds) was ﬁrst found
in the linear approximation [1, 37] and then by various methods in the exact theory for
a quadratic Lagrangian R + R2 + RµνR
µν [38, 39]. HJF is not uniquely determined:
since the Helmholtz Lagrangian in (1) is not in a canonical form, various redeﬁnitions
of χ and πµν are admissible.
4We use this traditional name for the metric field satisfying Rµν = 0. It is worth noting, however,
that the relationship between the hypothetical quantum of the gravitational field and the classical field
(described by general relativity) is different from that between the photon and the classical Maxwell
field, see [36].
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Introducing the ﬁeld πµν makes sense if its deﬁnition may be (at least in principle)
inverted to yield Sµν = sµν(χ, π
αβ), otherwise πµν ≡ 0. The ﬁeld exists if the Lagrangian







This condition does not hold for L = f(R). Then πµν vanishes and gravity is described
by a doublet HJF = {gµν , χ} carrying 2+1 d.o.f. and the scalar cannot be massless.
Thus for this class of Lagrangians determining the particle spectrum is very simple and
straightforward.
The other approach to constructing a second order formalism is more sophisticated.
Here one assumes that gµν is merely a unifying ﬁeld for gravitation and plays a role of a
spacetime metric in a purely formal way—in the sense that the Ricci tensor appearing in
the Lagrangian is made up of it. One introduces a new metric as a canonical momentum











here g = det(gµν). g
µν may be viewed as a metric tensor providing that det(∂f/∂Rαβ) 6=
0. Clearly for f(R) = R one gets g˜µν = gµν and for arbitrary f(R) the new metric is
conformally related to the old one, g˜µν = f
′(R) gµν , where g˜µν is the matrix inverse to
g˜µν . In this case the Legendre transformation is degenerate since it cannot be inverted.
In general the transformation is a map of a (Lorentzian) metric manifold (M, gµν) into
another one, (M, g˜µν). If the transformation (2) is invertible, i.e. the Hessian for f does
not vanish, it may be solved to give Rµν = rµν(gαβ, g˜
λσ). As in Helmholtz–Jordan frame
one constructs a Helmholtz Lagrangian which now takes a generic form




f(gµν , rαβ(g, g˜)), (3)
where ∇˜ is the covariant derivative with respect to g˜µν . It is worth stressing that in
Einstein frame, EF = {g˜µν , gµν}, precisely the Einstein–Hilbert Lagrangian for the space-
time metric g˜µν is recovered, giving rise to Einstein ﬁeld equations G˜µν(g˜) = T˜µν(g˜, g)
with the tensor ﬁeld gµν acting as a ”matter” source for the metric. The tensor T˜µν is the
variational energy–momentum tensor for gµν deﬁned in the standard way and contains
second derivatives ∇˜µ∇˜νgαβ but no curvature5. Unlike LH in HJF, the Lagrangian has
5In general the energy–momentum tensor involves second derivatives of matter variables, the gauge
fields, the minimally coupled scalar field and perfect fluids belong to few exceptions.
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a canonical form for gαβ, i.e. is a sum of a kinetic term and a potential part. The kinetic
term, K(∇˜g), is a quadratic polynomial in ﬁrst derivatives ∇˜µgαβ, as is usual in classical
ﬁeld theory and what is really remarkable, it is universal , i.e. is independent of the form
of the function f [32, 33]. The only reminiscence of the original L in JF is contained in
the potential part of L˜H : explicitly via f(gµν , rαβ) and implicitly via rαβ, i.e. in interac-
tion terms6. Hence in EF one recovers just general relativity with a source which may be
interpreted either as a nongeometric component of gravity or merely as a (quite exotic)
matter ﬁeld described by classical ﬁeld theory. In this sense Einstein general relativity
is a universal Hamiltonian image (under the Legendre map) of any L = f(gµν , Rαβ)
gravity theory. In other terms, general relativity is an isolated point in the space of all
gravity theories: its closest neighbourhood, consisting of the metric NLG theories, can
be mapped onto it and thus is not diﬀerent from GR. It is also clear that in practice
there is no need in studying Lagrangians more complicated than quadratic in R and Rµν .
The second order Lagrange equations for gµν in EF are subject to four diﬀerential
constraints (following from Bianchi identities ∇νGνµ(g) = 0) which allow one to elim-
inate four of ten components of the ﬁeld. This shows that it carries six d.o.f. and is
actually a mixture of two diﬀerent physical ﬁelds. The next step is thus to decompose
it into components with deﬁnite spins. Then one again gets a scalar and a spin–2 ﬁeld.
For practical purposes it is convenient to eliminate the scalar from the outset by an
appropriate choice of the Lagrangian in JF [35]. The ﬁeld ψµν arising in this way from
gµν carries spin two (and ﬁve d.o.f.), has the same mass as that computed in HJF for π
µν
and is nonlinear (it is well known that any linear spin–2 ﬁeld is inconsistent in general
relativity [40]). It is straightforward to show in EF that ψµν is necessarily a ghost ﬁeld
(a ”poltergeist”) [1, 37, 38, 39, 41], while it is rather diﬃcult to establish this feature for
πµν in HJF. And to avoid any misunderstanding we stress that the ghost–like behaviour
of the spin–2 ﬁeld is inevitable: it appears in any consistent theory of gravitationally
interacting spin–2 ﬁelds [42] and in particular is a feature of any L = f(gµν , Rαβ) gravity.
All these gravity theories are similar and they diﬀer only in the interaction terms
in (3) and in masses of the spin–2 and scalar components of the gravitational triplet.
All the L = f(R) theories are reduced in Einstein frame to general relativity plus a
massive minimally coupled ﬁeld with a self–interaction potential determined by f [31].
At ﬁrst sight it seems that Lagrangians generating tachyonic masses of the ﬁelds should
be excluded as untenable. This is the case when the ground state solution is Minkowski
space and other ﬁelds behave as small excitations in this spacetime. However, if the
6Clearly this is not little. In quantum mechanics every state vector satisfies the Schro¨dinger equation
and the whole variety of quantum systems is encompassed in interaction terms in the Hamiltonian.
Here something analogous occurs. We stress this point since in the fourth–order formulation of an
NLG theory in JF an impression arises that the theory is more different from general relativity than it
indeed is.
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ground state is anti–de Sitter, also the scalar ﬁeld with a tachyon mass is allowed if its
modulus is not too large in comparison to the cosmological constant [43], see sect. 7.
The case of most general Lagrangians, L = f(gµν , Rαβ , Cµναβ), explicitly depending
on the Weyl tensor, is more subtle. The unifying ﬁeld gµν carries 8 d.o.f. and one
conjectures that it can be decomposed in the same triplet of the graviton, a spin–2
ﬁeld and a scalar, however a proof for an arbitrary L is missing. The conjecture was
proved only in a perturbative analysis (and in four dimensions): one expands a generic
Lagrangian about a ground state solution of the theory (Minkowski, de Sitter or anti–de
Sitter) up to terms quadratic in Riemann tensor and arrives at [29, 44]
L = const +R + aR2 + bRµνR
µν + cGB,
where GB, the Gauss–Bonnet term, is a topological invariant and in d = 4 may be
discarded as a divergence. Thus the most general NLG theory perturbatively reduces
to that without the Weyl tensor and has the same particle spectrum.
We stress again that in both the frames any NLG theory is reduced to general
relativity plus some exotic source. In EF the general–relativistic form of the theory
is obvious, in HJF it is less conspicuous due to the speciﬁc form of the Helmholtz
Lagrangian (1). From the physical viewpoint the spin–two and spin–0 ﬁelds may be
viewed either as the components of the gravitational triplet or just as a kind of matter.
It is not quite clear whether the diﬀerence between the two interpretations is empirical:
whether there is a ”gedankenexperiment” allowing to diﬀerentiate one from the other.
As in Brans–Dicke theory it is necessary to assume that the two ﬁelds do not couple
to any other matter in the sense that in a relevant Lagrangian there are no interaction
terms of the two ﬁelds with the particles of the standard model. And as in Brans–Dicke
theory ”one way” interactions are admissible: ordinary matter may act as a source in
equations of motion for χ and πµν . The two nongeometric components of gravity only
interact gravitationally in the sense that there is interaction between them and, ﬁrst of
all, they act as a source of the spacetime metric in Einstein ﬁeld equations. It is often
assumed (and clearly there is no proof) that the dark energy signals its existence solely
by its inﬂuence on the cosmic evolution. Whether it should be regarded as a form of
matter or as a component of gravity is presently a matter of convention. Mathematically
the issue is irrelevant and Einstein ﬁeld equations arising from (1) and (3) should be
studied by applying all the methods developed to this aim in general relativity. In
particular, the energy–momentum tensors for the spin–0 and spin–2 ﬁelds appearing in
these equations ought to satisfy the conditions usually imposed on matter in general
relativity. Clearly it may be claimed that the two components of gravity are speciﬁc in
the sense that they need not satisfy the standard conditions, e.g. the scalar ﬁeld may not
be subject to energy conditions. It might be so, however the price would then be high:
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the most signiﬁcant results (or their appropriate analogues) found in general relativity
would be inaccessible in a given NLG theory. In this work we assume that the spin–0
gravity is not exceptional in this respect.
3 Frames and initial conditions
Once an NLG theory is expressed in HJF one may perform arbitrary Legendre transfor-
mation (”canonical ones”) and changes of variables (ﬁeld redeﬁnitions), thus the theory
may be formulated in inﬁnitely many various frames. Clearly both HJF and EF are
absolutely priviledged by their construction exhibiting the physical content of the the-
ory. All the frames are mathematically equivalent provided the transformations are at
least locally invertible (proving a global invertibility is a hard task). Equivalence means
that the space of solutions in one frame is in a one–to–one correspondence to the space
of solutions in another frame. The corresponding solutions are diﬀerent and physical
quantities made up of them are diﬀerent, most notably energy is very sensitive to various
transformations. Thus dynamical equivalence of frames implies their physical inequiva-
lence. As long as the theory is closed, i.e. all that exists is contained in a Lagrangian of
the theory (in the case discussed here ”everything that exists” is pure gravity and there
is no matter), this inequivalence is irrelevant as undetectable. All the frames are equally
physical. For example, spacetime intervals between a given pair of events are diﬀerent
in distinct frames and the diﬀerences cannot be measured without external rods and
clocks. And to measure energy of the gravitational triplet one needs an external de-
vice which is not included in the Lagrangian, yet in a closed theory neither an external
observer nor external device does exist. In the same way spacetime intervals between
a given pair of events are diﬀerent in diﬀerent frames and their diﬀerences cannot be
measured without external rods and clocks. In this sense all the theories of physics are
open: the observer and his equipment is not described by a tested theory7. To make an
NLG theory open it is necessary to couple it to ordinary matter and predict then some
eﬀects which may be observed by an external agent.
Coupling of matter to gravity should proceed in the same way as in general relativity
where, however, no ambiguity appears since there is only one frame. For concreteness
we consider now the restricted NLG theories, L = f(R), since we will be dealing with
them in the rest of the paper8. One takes pure gravity and chooses a frame consist-
ing of a tensor γµν regarded as a spacetime metric and a scalar φ; these quantities are
some functions of the variables gµν and χ forming HJF. The corresponding Lagrangian
may have almost arbitrary form Lg(R(γ), φ) [38, 31]. For a given kind of matter Ψ its
7This is not so trivial as it may seem. There are some tendencies in quantum gravity to regard it
as a closed theory.
8Clearly the coupling of matter to gravity is the same in any NLG theory.
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Lagrangian is constructed in special relativity and gets some form Lm(ηµν ,Ψ, ∂Ψ). By
deﬁnition, γµν is the metric of the physical spacetime and any matter minimally cou-
ples to it, hence the matter Lagrangian for Ψ becomes Lm(γµν ,Ψ,∇Ψ), where ∇ is the
Levi–Civita connection for γµν . The scalar gravity φ does not couple to the matter and
the total Lagrangian is just Lt = Lg + Lm. The chosen frame is the physical frame due
to the minimal coupling. In all other frames where the transformed tensor playing the
role of a metric is diﬀerent from γµν , the matter is nonminimally coupled to it and a
coupling to φ may appear. Dynamical equivalence of various frames remains preserved
in presence of any matter while these frames should be regarded as unphysical since
experimental devices measure quantities made up of variables of the physical frame. For
example, optical observations disclose that the light of distant galaxies is redshifted,
what is interpreted as that expanding Robertson–Walker spacetime forms the physical
frame, while one may make all computations in a conformally related frame where the
spacetime is ﬂat. In this case outcomes of the computations must be transformed back
to the physical frame, the R–W spacetime, if they are to be confronted with obser-
vations. There is nothing new in this, the same is always done in classical mechanics:
ﬁrst one determines (experimentally) physical positions and momenta of a given system,
makes a canonical transformation mixing these quantities to new variables in which the
Hamilton equations are easiest solvable and ﬁnally makes the inverse transformation to
express a given solution in physical variables. In classical mechanics this is obvious, in
a gravity theory it is not.
Assume, as most authors applying NLG theories to cosmology actually do, that JF
is physical, then the total Lagrangian is Lt = f(R)+Lm(gµν ,Ψ,∇Ψ) with ∇ being now
the metric connection for gµν . The Helmholtz Lagrangian in HJF reads
LH = p[R(g)− r(p)] + f(r(p)) + Lm(gµν ,Ψ,∇Ψ), (4)
from now on the spin–0 gravity in HJF is denoted p and deﬁned as p ≡ df
dR
in conformity
with [32, 31]. The Lagrange equations are then R(g) = r(p),








Here r(p) is a (possibly unique) solution of the equation df(r)
dr
= p and θµν is an eﬀective
energy–momentum tensor for p [31] while tµν(g,Ψ) is the standard variational energy–
momentum tensor for matter derived from Lm with the aid of gµν . A propagation
equation for the scalar is derived, as previously for χ, from the tensor θµν by taking the










It is easy to see that the scalar does not have its own Lagrangian and eq. (7) must
be derived in this roundabout way. The metric ﬁeld has two sources, the matter and
spin–0 gravity. The equation of motion for any matter, (6), is independent of p, yet the
matter forms a source term gµνtµν for the scalar gravity. In this sense the ﬁeld p does
not directly aﬀect motions of matter and its eﬀects are conﬁned to aﬀecting the metric
via eq. (5).
The initial and/or boundary conditions for both gµν and p are related to or even
determined by a matter distribution. For example, in the solar system the matter dis-
tribution is dominated by the sun and both the ﬁelds are static spherically symmetric.
Inside the sun the strength of the material source for gµν and p is comparable and both
the ﬁelds are there relatively strong and regular at the centre. Outside the sun the ﬁelds
are fading towards spatial inﬁnity. Notice that the scalar generates spherically symmet-
ric corrections to Schwarzschild solution. Search for these corrections has resulted in the
fact that the Lagrangian R+ 1/R is ruled out by measurements of the PPN parameter
γ in the solar system [13] and provides very stringent bounds on the size of possible
corrections to the Einstein–Hilbert Lagrangian L = R [45, 8, 17]. This is an indication
that Jordan frame is unlikely to be the physical frame.
If instead, Einstein frame is regarded as physical, the Helmholtz Lagrangian takes a
form well known from general relativity,





ln p, V is a potential determined by f and matter is minimally coupled
to g˜µν . The Lagrangians Lm in (4) and (8) have the same dependence on the spacetime
metric, gµν and g˜µν , respectively. As a consequence the matter energy–momentum tensor
in EF is just tµν(g˜,Ψ). The ﬁeld equations are now directly derived as the variational
ones,










Obviously one obtains eq. (11) from (6) by replacing gµν with g˜µν . Now the scalar
gravity is completely decoupled from matter and solely interacts with the metric ﬁeld.
This implies that initial and boundary conditions for φ are independent of matter dis-
tribution. The metric has two independent sources and its symmetries, boundary and
initial conditions are determined by both or by the source that dominates. For example,
in the solar system the φ ﬁeld need not be spherical. From the spherical symmetry of
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the local spacetime one infers that the matter (the sun) is dominant on the RHS of eq.
(9) and any small deviations from Schwarzschild metric should be nonspherical. The
scalar ﬁeld has no local (matter or any other) sources and ﬁlls the entire universe and
approximately is described by one global solution. The solution is approximate since
the scalar interacts and is aﬀected by the spacetime metric and the latter is aﬀected
by local matter inhomogeneities. This global solution which is realized in our universe
was determined by some initial and boundary conditions near the Big Bang. From the
observations showing that the cosmic space is homogeneous and isotropic on large scales
it is inferred that either the φ ﬁeld is homogeneous (and time dependent) throughout
the spacetime since the Big Bang or it is inhomogeneous and undetectably (even using
cosmological data) weak. Clearly the ﬁrst possibility is more attractive as it may a
priori account for the dark energy. In any case a solution for the scalar has been chosen
once for the universe and unlike the metric ﬁeld it cannot be locally varied according
to local (arbitrary) conditions. In other words, even in vicinity of a black hole, where
the spacetime is extremely distinct from the Robertson–Walker one, the φ ﬁeld only to
some extent deviates from its overall cosmological solution. We emphasize that if some
nonspherical deviations from the Schwarzschild metric are detected in the solar system
(after subtracting all eﬀects of planets, the Kuiper belt, the Oort cloud etc.), they may
be accounted for by the scalar component of gravity in Einstein frame.
Both the frames are experimentally distinct. Which of them (if any) is physical? In
other terms, which metric is minimally coupled to matter? The problem arises in any
theory in which various frames appear. For example, in string theory in the low energy
ﬁeld–theory limit of string action one may use either the string (Jordan) frame in which
the stringy matter is minimally coupled to the metric while the dilaton ﬁeld is nonmin-
imally coupled to it or transform to the conformally related Einstein frame where the
dilaton is minimally coupled to the new metric and has the canonical kinetic term. The
two frames are usually considered as completely equivalent for describing the physics of
the massless modes of the string. This is particularly noticeable in the pre–Big Bang
inﬂationary string cosmology. A superinﬂationary solution in string frame becomes an
accelerated contraction in Einstein frame and vice versa. This drastic diﬀerence in be-
haviour of the cosmic scale factor in both the frames is irrelevant for string cosmology.
In fact, the number of strings per unit of string volume is decreasing in time during the
pre–Big Bang inﬂation in both frames and the temperature of the string gas grows in
comparison to the temperature of the photon gas in both frames [46]. Whether a(t) is
expanding or contracting, the horizon/ﬂatness problem of cosmology may be solved in
each frame.
This frame independence for the physical eﬀects of inﬂationary solutions in string cos-
mology, showing invariance of physics under local ﬁeld redeﬁnitions, has been found,
however, only for a limited number of observables among those which can be constructed
in this theory. Other observables will be frame dependent. Even in the early universe
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spacetime intervals are measurable, at least in principle if not in practice, and these
quantities depend on whether a(t) grows or decreases. The very fact that we observe
that both the optical spectra of distant galaxies and the cosmic microwave background
radiation are redshifted, indicates that cosmology is not frame independent. The pre–
Big Bang era of string cosmology is so far from us and exotic that very few eﬀects may
be observed today and these turn out to be frame invariant. Yet it is doubtful if string
theory as such is frame (i.e. conformally) invariant9. This would mean that the theory
is closed.
In metric NLG theories which are closer to experimental physics and observational
astronomy, the fact that most observables are frame dependent10, i.e. only one frame
is physical (is unique up to trivial ﬁeld redeﬁnitions), is hardly arguable (see however
references in [31]). The ultimate decision of which frame is physical will be given by
experiment, but it should not be expected very soon. Before making any application
of these theories it is necessary to establish by some theoretical arguments or by mere
assumption which frame is measurable. More than ten years ago we studied in detail
the full network of relationships between restricted NLG theories, scalar–tensor gravity
theories and general relativity and eﬀects of introducing matter in various frames and on
this basis we gave arguments in favour of Einstein frame [31]. After our work there was
much discussion in the literature on the subject [48]. Since the discovery that a modiﬁed
gravity might replace the dark energy most authors have preferred the Jordan frame as
physical. As it is motivated in a recent work, ”if one wants to consider modiﬁcations
of gravity like scalar–tensor theory or metric f(R) gravity, the Jordan frame should be
assumed to be the physical one” since if Einstein frame is physical ”the resulting theory
will be no diﬀerent from general relativity”. These authors seem to be unaware that also
in Helmholtz–Jordan frame the ﬁeld equations for the metric tensor are Einstein ones.
The assumption that by choosing Jordan frame as physical (and minimally coupling all
matter in this frame) one gets a theory which is essentially more diﬀerent from general
relativity than in the other case, is an illusion.
We do not wish to enter the debate again. In our opinion all relevant arguments in
favour of JF and EF have already been expounded. We only point out that in most
cases the Einstein frame is computationally advantageous (and this is explicitly or im-
plicitly acknowledged by most authors who implicitly or explicitly assume Jordan frame
as physical). For example, the Zeroth Law and the Second Law of black hole ther-
modynamics for a polynomial f(R) have been proved only in Einstein frame [49]. On
9In string theory, which is still far frommaking concrete physical predictions, it is difficult to establish
what is measurable. Some authors claiming complete frame invariance of the theory seem to confuse
the dynamical equivalence of various frames, which is indisputable, with physical equivalence.
10Nevertheless in Jordan and Einstein frames many physical quantities are the same, e.g. for black
holes all the thermodynamical variables do not alter under a suitable Legendre map [47].
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the other hand we keep open mind for the possibility that the real world might be not
so simple as we expect. It might be so that the real physics is in Jordan frame while
Einstein frame remains advantageous both in solving equations of motion and, what is
most important, in proving general features of a given theory. The issue will be resolved
by experiment.
We emphasize that for the purposes of the present work the issue of which frame is
physical, is irrelevant. We claim that the order of investigations should be as follows.
First one chooses (on some basis) one or a class of NLG theories. Second, one veri-
ﬁes if the chosen theory is viable from the viewpoint of classical ﬁeld theory. Third,
a physical frame is assumed. Then equations of motion are solved either in JF or in
HJF, EF or some other frame, depending on computational facilities (usually EF is most
convenient). Finally the solutions should be transformed back to the physical frame (if
were found in another one) to construct physical observables which will be confronted
with observations. We stress that the second step cannot be passed over otherwise there
is danger that the work will be wasted. In fact, in some papers long and nontrivial
computations have been performed in a framework of a theory which is deﬁnitely un-
tenable. Viability criteria are independent of the choice of the physical frame. This
frame independence does not mean that whether a given theory is physically viable or
not can be established in any frame. On the contrary, all the methods developed up
to now to investigate the viability do work in Einstein frame and usually (besides one
case mentioned in the next section) do not work in most other frames. In this sense
Einstein frame is mathematically distinguished. Yet these methods neither prove that
this frame is physical nor assume it. We shall use Einstein frame for checking viability
various L = f(R) theories. Therefore the ﬁrst, basic assumption or criterion a theory
should pass is the existence of Einstein frame: the Legendre transformation from JF to
EF must be regular (in a neighbourhood of a candidate ground state solution). Once a
theory meets the criteria and is regarded tenable one may choose the physical frame. We
shall see that there are inﬁnitely many viable theories and untenable ones are equally
numerous. Obviously of all viable restricted NLG theories only one (if any) is correct,
i.e. will be fully conﬁrmed by experiment and observations. By the time this occurs one
may view any viable theory as a candidate for describing gravitational interactions in
the nature.
Out of all possible viability criteria for a classical ﬁeld theory the most appropriate
one in the case of metric NLG theories is the existence of a stable maximally symmetric
ground state. The rest of the present work is devoted to studying and applying this
criterion.
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4 Stability of a maximally symmetric ground state
A minimal requirement that may be imposed on a gravity theory to be viable is that
it has a classically stable maximally symmetric ground state solution. In some classical
ﬁeld theories, e.g. in Liouville ﬁeld theory [50] a ground state may not exist, but in grav-
itational physics the existence of a ground state hardly needs justiﬁcation. In a metric
gravity theory gravitational interactions are manifested by the dynamical curvature of
the spacetime, hence in the absence of these interactions the spacetime should be either
ﬂat or maximally symmetric with the nongeometric components of the gravitational
multiplet equal to zero or covariantly constant. Therefore the spacetime of the ground
state for any NLG theory may be Minkowski, de Sitter or anti–de Sitter11 space. For
simplicity we assume spacetime dimensionality d = 4 although our arguments (with
slight modiﬁcations) will also hold in d > 4. Classical stability means that the ground
state solution is stable against small excitations of the (multicomponent) gravitational
ﬁeld and small excitations of a given kind of matter sources, i.e. there are no growing
in time perturbation modes. In principle a viable classical ﬁeld theory may admit a
semiclassical instability: the ground state is separated by a ﬁnite barrier from a more
stable (in the sense of lower energy) state and can decay into it by a semiclassical bar-
rier penetration [51]. We shall not consider this possibility and focus our attention on
classical stability, hereafter named stability.
A question that may arise at the very beginning of investigation of the problem is
whether a metric NLG theory, being a higher derivative one, can at all be stable [22].
In point particle mechanics one may invoke to this end the old famous Ostrogradski
theorem to the eﬀect that if a mechanical Lagrangian depends on second and higher
time derivatives of the particle positions (which cannot be eliminated by partial integra-
tion) the corresponding Hamiltonian is linear in at least one canonical momentum and
thus is unbounded from below. As a consequence there are both positive and negative
energy states and if the particles are interacting the theory is unstable since any solu-
tion decays explosively due to self–excitation: unlimited amount of energy is transferred
from negative energy particles to positive energy ones. By analogy, the same (or rather
more drastic and violent) instability is expected to occur in classical (and quantum) ﬁeld
theory with higher time derivatives. Thus a generic NLG theory should be inherently
unstable and hence unphysical. We admit that the problem is important and deserves a
detailed investigation. Here we wish only to make short comment on how it is possible
to avoid this conclusion.
We stress that the Ostrogradski theorem is a rigorous ”no–go theorem” in classical and
quantum point particle mechanics [22] while in metric NLG theories it may only be con-
11By anti–de Sitter space we always mean the covering anti–de Sitter space without closed timelike
curves.
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jectured by analogy. In fact, a mechanical Hamiltonian determines energy and if it is
indeﬁnite (and unbounded from below) it signals that self–excitation processes are likely
to occur. Recall that a metric theory of gravity is based on the equivalence principle
what implies that the notion of gravitational energy density makes no sense. Yet in
a ﬁeld theory in Minkowski space the ﬁeld energy density is equal to the Hamiltonian
density and the latter is (for known ﬁelds) positive deﬁnite. In the canonical ADM
formalism in general relativity the canonical momenta are deﬁned in an intricate way
(including constraints), not akin to that in point mechanics and the total ADM energy
is to large extent independent of the detailed form of the Hamiltonian density (which
is indeﬁnite). Therefore in general relativity the relationship between stability (under-
stood as the positivity of energy, see below) and the form of the Hamiltonian density
is very indirect, practically broken. In metric NLG theories the Legendre transforma-
tions from Jordan frame to HJF and EF map the higher derivative theory to Einstein
gravity plus nongeometric components of the multiplet which dynamically act as some
matter ﬁelds, therefore the stability problem in these theories is reduced to that in the
latter theory. The Ostrogradski theorem may rather serve as a warning that some trou-
bles may appear there and in fact troubles were found (the ghost–like behaviour of the
massive spin–2 component of gravity) without resorting to it. Note that the notion of
”inherently unstable theory” is imprecise: stability always concerns a given solution.
And what is really required from a viable gravity theory is existence of a stable ground
state solution; stability of excited states is a diﬀerent problem.
In the physical literature there is some confusion concerning stability since there are
actually two notions of stability: dynamical stability (stability of evolution) meaning
that there are no growing modes and stability as a consequence of positivity of total
energy. It has been believed for a long time that the two notions are identical and since
investigations of energy are relatively easier the research was ﬁrst centered on it. Sta-
bility in the context of energy was developed in a series of papers which will be referred
here to as ”classical works”. The Schoen–Yau–Witten positive energy theorem states
that if matter satisﬁes the dominant energy condition, then the ADM energy of any
asymptotically ﬂat spacetime is positive and vanishes only in the ﬂat spacetime. The
theorem has been widely interpreted as ensuring stability of Minkowski space: matter
energy is positive by assumption, hence any small metric ﬂuctuations must also have
positive energy and the ﬂat spacetime cannot decay in a self–excitation process where
energy is pumped out from the gravitational ﬁeld (and thus the gravitational energy
decreases to minus inﬁnity) and partially increases the matter energy and in part is ra-
diated away. According to this argument, initially small matter and metric ﬂuctuations
have small positive energy and their sum, the ADM energy, being conserved in time,
precludes the ﬂuctuation modes from growing in time. The general lesson which has
been derived from the theorem is therefore following. A given ground state (total energy
is zero by deﬁnition) is stable if the associated conserved energy functional is positive
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in the function space of perturbations for which this functional is ﬁnite. Positivity of
energy implies stability. This is the case of Minkowski space. The notion was then
extended to de Sitter and anti–de Sitter spaces by Abbott and Deser who extended the
idea of ADM energy to spacetimes which are asymptotically de Sitter or anti–de Sitter
[52].
In de Sitter (dS) space one encounters a diﬃculty with the notion of energy: the
Killing vector necessary to deﬁne a conserved energy integral is timelike only inside
the event horizon, so that the Abbott–Deser (AD) energy cannot be determined in
the whole spacetime. Nevertheless Abbott and Deser proved that small gravitational
perturbations in vacuum (there is no matter, Rµν = Λgµν) have positive AD energy
providing the perturbations are only inside the horizon, hence dS is linearly stable for
these perturbations [52].
The classical works deal mainly with anti–de Sitter (AdS) space which is globally static
(though not globally hyperbolic). The ﬁrst results were also due to Abbott and Deser
[52]: small metric perturbations in vacuum have EAD > 0 and applying supergrav-
ity techniques they showed that a spacetime which is asymptotically AdS (i.e. metric
ﬂuctuations are large and vanish at spatial inﬁnity) also has positive energy. They con-
cluded that AdS is stable against metric perturbations, small or large. The theorem
was extended to the case of arbitrary matter satisfying the dominant energy condition:
any spacetime which is asymptotically AdS and is a solution to Gµν +Λgµν = Tµν , has a
nonnegative AD energy and ”this implies that AdS space is classically stable since there
is no other state into which it can decay” [53]. Also in dimensions d ≥ 4 the energy
EAD of metric ﬂuctuations (in vacuum) is manifestly positive resulting in perturbative
stability of AdS space [54].
That stability necessarily results from the positivity of energy was ﬁrst criticized, as
far as we know, by Ginsparg and Perry [55] who pointed out that while energy becoming
negative signals some instability, the converse is not true. There are situations in which
the positive energy theorem holds and instabilities develop. They showed linear stability
(the equations of motion linearized for small perturbations do not possess growing solu-
tions) of de Sitter space in the case of presureless dust and the ultrarelativistic perfect
ﬂuid (radiation). Soon it has become clear that positivity and ﬁniteness of an energy
functional only means that some polynomial in ﬁeld derivatives is integrable and this
fact may be compatible with unlimited growth (up to a singularity) of some solutions.
In fact, solutions have been found for sigma models in Minkowski spacetime, which blow
up in ﬁnite time while their energy is conserved and positive. Thus dynamical stability
and positivity of energy have no a priori relation and may be quite diﬀerent things. Sta-
bility of evolution requires mathematically rigorous investigations and for Minkowski,
dS and AdS spaces the employed methods are diﬀerent (in each space the conformal
inﬁnity is diﬀerent).
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The rigorous approach does not use the ADM or AD energy functionals. Minkowski
space is globally dynamically stable: the Christodoulou–Klainermann theorem implies
that small nonlinear metric perturbations in vacuum disperse in time and tend to the
ﬂat solution as t→ +∞ [56]. The proof of the theorem was then extended to the case
where the electromagnetic ﬁeld is present [57]. A distinct proof allows one to include
the linear massless scalar ﬁeld: the equations
Gµν = ψ,µψ,ν − 1
2
gµνψ
,αψ,α and 2ψ = 0
possess a future causally geodesically complete solution (gµν , ψ) asymptotically converg-
ing to Minkowski space, i.e. this spacetime is globally stable [58].
Global nonlinear stability of vacuum de Sitter space was proved by Friedrich [59]
and recently the theorem was extended to any even dimension greater than four [60].
Inclusion of matter is diﬃcult. It has been possible only in the case of conformally
invariant (in d = 4) matter, e.g. dS space is globally stable in presence of Maxwell or
Yang–Mills ﬁelds [61]. Recently global stability of dS has been proved for the case of
a scalar ﬁeld with a very speciﬁc exponential potential [62]; the stability problem of
dS space for other forms of matter and in particular for a scalar ﬁeld with a general
(positive) potential remains open.
Even less is rigorously known about stability of anti–de Sitter space. AdS is glob-
ally dynamically linearization stable: global solutions of linearized Einstein equations
Rµν = Λgµν for Λ < 0 with Maxwell equations and scalar Klein–Gordon equation
2ψ −m2ψ = 0 remain uniformly bounded in time [63]. As concerns nonlinear stability
Friedrich [64] proved ﬁnite time stability, i.e. solutions to the vacuum Einstein equa-
tions with initial data close to exact AdS space are bounded for a ﬁnite time. There
are no rigorous global results. It is only believed that AdS space is dynamically stable.
It should be proved that the solutions which are initially close to AdS metric may be
extended to global in time solutions which remain globally close to it. Furthermore, it
has been shown [65] that these solutions cannot be both future and past asymptotic
to exact AdS space; this result is in marked contrast with the asymptotically ﬂat case
where it is known [56] that global perturbations of Minkowski space tend asymptotically
to this spacetime. And, what is most important for the present work, nothing has been
investigated in the case of self–interacting scalar ﬁelds.
While the fully reliable rigorous results are quite modest from the standpoint of a
physicist dealing with gravitational ﬁelds generated by a rich variety of matter sources,
the classical theorems based on the positivity of energy are, from the viewpoint of mathe-
maticians, of rather little reliability [66]. In proving the rigorous theorems only the exact
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ﬁeld equations are relevant and the dominant energy condition does not play explicitly
any role. However in the few cases where matter sources are present, DEC does hold.
It is therefore reasonable to conjecture that Minkowski, de Sitter and anti–de Sitter
spaces are globally nonlinearly stable only if any self–gravitating matter does satisfy the
condition. The conjecture is supported by outcomes found in the linear approximation
to semiclassical general relativity where classical gravitational ﬁeld is generated by the
expectation value of the energy–momentum tensor operator in the in–vacuum state of a
quantum ﬁeld. The expectation value < 0|Tµν |0 > cannot satisfy DEC due to the par-
ticle creation from the vacuum by the gravitational ﬁeld. It turns out that Minkowski
space and the in–vacuum states of the quantum massless ﬁelds: the electromagnetic
ﬁeld, neutrinos, scalar Klein–Gordon ﬁeld and conformally invariant scalar ﬁelds are
linearly unstable since there are exponentially growing in time perturbation modes [67].
Similarly de Sitter space is linearly unstable in semiclassical relativity in the presence of
a minimally coupled quantum scalar ﬁeld [68]. Whether or not this instability survives
in the fully nonlinear dynamics is not known.
All the aforementioned papers deal with solutions to Einstein ﬁeld equations. Re-
cently Faraoni [69] studied stability of vacuum dS space in restricted NLG theories in
Jordan frame for the fourth–order ﬁeld equations. The dS metric can be presented in
the form of the spatially ﬂat Robertson–Walker spacetime and he has applied the gauge
invariant formalism of Bardeen–Ellis–Bruni–Hwang for perturbations of Friedmann cos-
mology. The formalism works for any ﬁeld equations in this background and he proves
linearization stability of dS space: scalar and tensor metric perturbations are fading or
oscillating at late times provided the Lagrangian L = f(R) satisﬁes some inequality.
In this formalism the physical meaning of this crucial inequality is unclear. It turns
out that the condition is equivalent to the condition that the (positive) potential for
the scalar component of gravity in Einstein frame attains minimum at dS space being a
ground state solution, see sect. 7. The BEBH formalism does not apply to perturbations
of AdS space since its metric cannot be expressed as the spatially ﬂat R–W spacetime.
It is interesting to see that in most papers on NLG theories it is assumed that a curved
ground state is necessarily dS space while AdS space is omitted without mention12.
We shall investigate stability of the maximally symmetric ground state solutions in
various NLG theories in a coordinate independent manner. We presume that the classi-
cal works provide the correct assumptions under which the dynamical stability of these
solutions will be rigorously proved in future. We shall work in Einstein frame where
the only source for the metric is the scalar ﬁeld component of gravity since on physical
grounds it is stability of pure gravity that is crucial. We emphasize that stability of a
candidate ground state solution is independent of which frame is regarded as physical
12AdS space is mentioned as a possible ground state e.g. in [24, 5].
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since boundedness of solutions remains unaltered under Legendre transformations. The
method based on positivity of total ADM or AD energy works directly only in Ein-
stein frame. The energy–momentum tensor of the scalar satisﬁes the dominant energy
condition if and only if its potential is nonnegative. Thus satisfying DEC for the ﬁeld
becomes an eﬀective viability criterion for restricted NLG theories.
5 Candidate ground state solutions
We shall now investigate existence of candidate ground state (CGS) solutions, i.e., max-
imally symmetric (dS, AdS or Minkowski space) solutions in a restricted NLG theory
with L = f(R) for arbitrary f . A CGS solution becomes a true physical ground state
solution (named vacuum) if it is stable. We assume that the Lagrangian has the same
dimension as the curvature scalar, [f(R)] = [R] = (length)−2, and the signature is
(−+++). The ﬁeld equations in Jordan frame are
Eµν(g) ≡ f ′(R)Rµν − 1
2
f(R)gµν −∇µ∇νf ′(R) + gµν2f ′(R) = 0, (12)
here f ′ ≡ df
dR
and 2 ≡ gµν∇µ∇ν . The fourth–order terms can be equivalently expressed
as
∇µ∇νf ′(R) ≡ f ′′′(R)R,µR,ν + f ′′(R)R;µν
with R;µν ≡ ∇µ∇νR. In general f(R) cannot be everywhere smooth and the nonlinear
equations (12) require f be piecewise of C3 class13.




λgµν , for some curvature scalar R = λ, as solutions. Since λ = const
and assuming that λ lies in the interval where f(λ), f ′(λ), f ′′(λ) and f ′′′(λ) are ﬁnite,
eqs. (12) reduce to an algebraic equation
λf ′(λ)− 2f(λ) = 0. (13)
This equation was ﬁrst found by Barrow and Ottewill [70] and then rediscovered many
times. In general this equation has many solutions and to each solution λ = λi there
corresponds a whole class of Einstein spaces containing a maximally symmetric space-
time, being dS for λi > 0, AdS for λi < 0 or Minkowski space (M) for λi = 0. For some
λi the maximally symmetric space may be stable. Each stable ground state (vacuum)
deﬁnes a separate dynamical sector of the theory. Multiplicity of vacua for a L = f(R)
13Any Lagrangian is determined up to a divergence of a vector field made up of the dynamical
variables. If the gravitational Lagrangian is to be a scalar function of the Riemann tensor invariants
alone and involve no derivatives of the curvature, the Lagrangian is determined up to a constant
multiplicative factor. The factor must be fixed if any matter is minimally coupled to gravity in JF.
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gravity was ﬁrst noticed in [29].
We view (13) as an algebraic equation and assume that it has at most the countable
number of solutions. Not every function f(R) admits a solution to (13). First note the
degenerate case where any value of λ is a solution (uncountable number of solutions);
this occurs when (13) is viewed as a diﬀerential equation for f . Then f(R) = aR2 for any
constant a 6= 0 [70]. In the following we make some comments on this degenerate case.
The eq. (13) has no solutions if its LHS deﬁnes a function of R, Rf ′(R)−2f(R) ≡ F (R),
which nowhere vanishes. Treating this deﬁnition as a diﬀerential equation for f (for a
given F ) one ﬁnds that any Lagrangian which admits no CGS solutions is of the form





with arbitrary F (R) > 0 everywhere. Examples.
1. Let F (R) = CebR with b, C 6= 0. Then














the latter integral is non–elementary.
2. For





with c0 and c2n > 0 one gets
f(R) = −c0
2
+ aR2 + c2R







Any gravity theory with a Lagrangian of the form (14) is unphysical and should be
rejected. Clearly there are inﬁnitely many functions f(R) admitting solutions to (13)
and thus possibly possessing a stable vacuum. A few examples of these Lagrangians.
1. f(R) = R + aR2 + α−2R3, α > 0. There are three CGS solutions: M (λ1 = 0),
dS (λ2 = +α) and AdS (λ3 = −α).
2. f(R) = −2Λ +R + aR2 + bR3.
Eq. (13) becomes a cubic equation λ3 − λ/b + 4Λ/b = 0 having 3 distinct real roots
if 4Λ2 < (27b)−1 and one real root λ1 (and λ2 = λ¯3 complex) if 4Λ2 > (27b)−1. In
the limiting case 4Λ2 = (27b)−1 there are 3 real roots with λ1 = λ2 and λ3 6= λ1. The
solutions are independent of the coeﬃcient a. In the case b = 0 there is a unique CGS
solution λ = 4Λ, being dS or AdS, the same as in Einstein theory.
3. For f(R) = 1
a
eaR, a > 0, there is a dS space with λ = 2/a as a unique CGS solution.
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4. For f(R) = a
√





The last example illustrates a general rule: if f(0) = 0 then λ = 0 is always a solu-
tion of (13), i.e.,M is a CGS solution even if f ′(0) is divergent. In fact, if f ′(0)→ ±∞
the term Rf ′(R) may a priori either vanish at R = 0 or diverge either logarithmically
or as inverse of a power law. If Rf ′(R) = R−n for some n > 0 then f = c − 1
n
R−n,
while for Rf ′(R) = (lnR)n, n > 0, one ﬁnds f = c + 1
n+1
(lnR)n+1; in both cases f(0)
is divergent. For f(0) = 0 and f ′(0) → ±∞ the leading term in f near R = 0 is Ra,
0 < a < 1, and then Rf ′(R)→ 0. However if f ′(0) and/or f ′′(0) is divergent the method
for establishing whether M is stable does not work.
We emphasize that in order to investigate the dynamics of a restricted NLG theory
one needs exact solutions of eq. (13). We shall see that stability of a CGS solution is
determined by the values of f ′(λ) and f ′′(λ). In principle to check stability it is suﬃcient
to ﬁnd numerically an approximate solution λ to eq. (13) and then approximate values
of f ′(λ) and f ′′(λ). Also the mass of the scalar component of gravity is determined
by these two numbers. However an exact solution is necessary to calculate the scalar
ﬁeld potential both in Helmholtz–Jordan and Einstein frames; otherwise one gets only
approximate equations of motion in these frames as is shown in the following example:
L = f(R) = a sin a
R
, a > 0. Introducing a dimensionless quantity x ≡ a
λ
one ﬁnds
that eq. (13) reads x cosx + 2 sin x = 0. cosx = 0 is not a solution and the equation
may be written as x + 2tgx = 0. The obvious root is x = 0, but it corresponds to
R = λ = ∞ and this solution must be rejected on physical grounds. In the interval
−π/2 < x < π/2 where tangens is continuous the functions x and tgx are of the same
sign and the equation has no solutions. In each interval (n− 1/2)π < x < (n + 1/2)π,
n = ±1,±2, . . ., the equation has exactly one solution which may be determined numer-
ically. The scalar component of gravity is determined as p = df/dR and to determine
the potential for p one needs to invert this relation to get R = r(p). In the present
example p = −(a/R)2 cos a/R and though this relation is in principle invertible (since
f ′′(R) 6= 0 and f ′′ vanishes only at separate points where tg a/R = 2R/a), it cannot be
inverted analytically in any of the intervals. One sees that exact solvability of eq. (13)
is often correlated to exact invertibility of the deﬁnition p = f ′(R). We conclude that
the condition of exact analytic solvability of eq. (13) is of crucial importance and in
practice imposes stringent restrictions on the Lagrangians excluding many simple combi-
nations of elementary functions. A further constraint will be imposed in the next section.
Finally we make two remarks on the ﬁeld equations (12).
Firstly, recall that for cosmologists the most attractive Lagrangians are those containing
inverse powers of R rather than being polynomials in R. In consequence the coeﬃcients
of fourth order derivatives in (12) are rational functions and this implies that one should
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deal with great care with various terms in these equations in order to avoid multiplying





2Rµν = 0. (15)
Multiplying them by R2 one gets
R2Rµν + 2Rµν = 0 (16)
and a class of solutions to these equations is given by Rµν = ψµν 6= 0 where the tensor
is traceless, R = ψ ≡ gµνψµν = 0 and satisﬁes 2ψµν = 0. However ψµν is not a solution
to (15) since the LHS of these equations is then ψµν + 0/0. A class of solutions to (15)
is of the form Rµν = φµν 6= 0 and 2φµν = −φ2φµν with φ ≡ gµνφµν ; clearly these are
also solutions to (16). Furthermore, any spacetime satisfying Rµν = 0 is a solution to
both (15) and (16). At ﬁrst sight this is not since the second term in (15) becomes
divergent. One may however give a precise meaning to this term by trying an Einstein
space, Rµν = (λ/4)gµν , then 2Rµν ≡ 0 and the eqs. (15) reduce to λgµν = 0 so that
Rµν = 0 actually are solutions. In conclusion, by replacing the correct equations (15)
by allegedly equivalent equations (16) one introduces a class of false solutions Rµν = ψµν .
Secondly, we comment on the cosmological constant [73]. In metric NLG theories
this notion has a rather limited sense. In general relativity Λ is both the constant
appearing in the Einstein–Hilbert Lagrangian, Λ = −1
2
L(0), and the curvature of the
unique maximally symmetric ground state, Λ = R/4. If f(0) 6= 0 is ﬁnite in an NLG
theory one may deﬁne Λ as −1
2
f(0), however there is at least one CGS solution with
the curvature R = λ 6= 0 whose value is independent of the value f(0) (in the sense
that the function F (R) ≡ Rf ′(R) − 2f(R) may be freely varied near R = 0 provided
F (0) 6= 0 is preserved, then R = λ remains the solution of (13)). Alternatively, Λ may
be deﬁned as λ/4 for each vacuum (stable ground state), then Λ has diﬀerent values in
diﬀerent sectors of the theory. However this cosmological constant is related solely to
the vacuum and does not appear as a parameter in other solutions to the ﬁeld equations
(12). We therefore shall not use this notion.
14We stress that this is not trivial. In a frequently quoted paper [71] the trace of eqs. (12) for a
Lagrangian R − 1/R was multiplied by R3 giving rise to a scalar equation for R admitting R = 0 as
a solution and thus Minkowski space; further considerations of the work were based on perturbations
of this spacetime. Actually the field equations for this Lagrangian have only dS and AdS spaces as
CGS solutions. This error of introducing or omitting some classes of solutions by multiplying the field
equations by a power of R may be traced back to Bicknell [72].
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6 The field equations and total energy
We shall now express the ﬁeld equations in the form appropriate for investigating stabil-
ity of the CGS solutions. Detailed calculations based on the general formalism [32, 33]
are given in [31]. The scalar component of the gravitational doublet is deﬁned in HJF
as p ≡ df
dR
, this canonical momentum is dimensionless. The deﬁnition is inverted to give
the curvature scalar R as a function of p, R(g) = r(p), i.e.,
f ′(R)|R=r(p) ≡ p.


















By taking trace of (5) and employing (7) and (17) one recovers the relation R(g) = r(p).
The eﬀective energy–momentum tensor for p contains a linear term signalling that the
energy density is indeﬁnite and deceptively suggesting that all solutions, including the
CGS ones, are unstable [22]. However θµν turns out unreliable in this respect and to
study stability one makes the transformation from HJF to Einstein frame being a mere
change of the dynamical variables. It consists of a conformal map of the metric,
gµν → g˜µν ≡ pgµν ,
















ln p, with κ being a dimensional constant to be speciﬁed later15. Under the
transformation of the variables the action integrals in HJF and EF are equal,












15Previously, for simplicity we have put κ = 1 in eqs. (8), (9) and the definition of φ.
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To get the total Lagrangian precisely as in general relativity one introduces an equivalent

































The constant κ determines the dimension of φ, [φ] = g1/2cm1/2s−1, while V acquires
dimensionality of energy density. The ﬁeld equations following from (19) are (9) and
(10) or more speciﬁcally
G˜µν(g˜) = κ


















Solutions for a self–interacting scalar ﬁeld in general relativity were studied in many
papers, however they are not solutions to eqs. (21)–(23) since the potential (21) is in
most cases diﬀerent from the potentials appearing in those papers. For example, an
exponential potential V0 exp(−ακφ) with constant α was investigated in a number of
works (see e.g. [77]); in terms of the scalar p it reads V0p
−α, but there are no simple
Lagrangians L = f(R) generating this potential via eq. (21). Recall that as long as
one considers pure gravity, i.e. there is no minimally coupled matter in JF, the original
Lagrangian L = f(R) is determined up to an arbitrary constant factor A. Let f¯(R) ≡
Af(R). Then p¯ ≡ f¯ ′(R) = Ap and the inverse relation is R(g) = r¯(p¯). On the other
hand R(g) = r(p) so that r¯(p¯) = r(p) = r(p¯/A). This implies LH(g, p¯) = ALH(g, p), the





The conformal map should not alter the signature of the metric, thus one requires p > 0.
In general f ′(R) cannot be positive for all R and it is suﬃcient to require that the map
preserve the signature at the CGS solutions, i.e., p(λ) = f ′(λ) > 0 for each solution of
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eq. (13). Then p > 0 in some neighbourhood of R = λ. If p(λ) < 0 one should take the
Lagrangian L = −f(R). It may occur for some f(R) having multiple solutions of (13)
that p(λi) > 0 and p(λj) < 0 for i 6= j, then one should appropriately choose the sign
of L at each sector of the theory separately. We shall assume that this has been done16
and p(λi) = f
′(λi) > 0.
The transformation from HJF to Einstein frame exists in a neighbourhood of a CGS
solution with R = λ iﬀ f ′(λ) 6= 0. If f ′(λ) = 0 the EF does not exist and the method
of checking stability of the CGS solution does not apply. From λf ′(λ) − 2f(λ) = 0 it






for any real λ. Notice that the degenerate Lagrangian L = R2 belongs to this class.
This class of singular Lagrangians needs a separate treatment (see section 7) and we
assume that f(R) is not of the form (24).
For Lagrangians which are diﬀerent from (24) the potential V (φ) in EF is not a constant.


















































6= 0 this yields
f(r(p)) = Cp2.
Inserting this value of f into (25) yields r(p) = 2Cp and substituting p = r
2C
from the
latter relation back to f = Cp2 one ﬁnally ﬁnds f = r
2
4C
. Using R(g) = r(p) one arrives
at f(R) = R
2
4C
for any real C 6= 0, i.e., the degenerate Lagrangian. In particular the
potential cannot vanish identically. In fact, V = 0 implies r(p) = f(r)/p. Diﬀerentiating
16One may try a simplification by choosing L(R) = f(R)
f ′(R) , then L
′(λ) = 1. Actually this choice does
not simplify the expressions for derivatives of the potential V and we shall not apply it.
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this relation with respect to r under assumption that f ′(r) 6= 0 and f ′′(r) 6= 0 (the con-
dition for r(p) to exist) one arrives at ff ′′/p2 = 0 implying f ′′ = 0. This contradiction
shows that V 6≡ 0.
For admissible Lagrangians the potential is variable and this feature will be used to
establish stability.
We emphasize that the applied here method of proving stability of dS, AdS or M
spaces is based on the assumption that the scalar component of gravity satisﬁes in EF
the dominant energy condition, what is equivalent to V (φ) ≥ 0. The fact that it implies
positivity of total ADM or AD energy is not used. Nevertheless we shall consider for
the moment this energy. In [31] we proved that if L = f(R) is analytic at R = 0 and its
expansion is L = R+aR2+ . . . and the potential V (φ) in EF is non–negative, the ADM
energy of a spacetime which is asymptotically ﬂat is the same in both Jordan and Ein-
stein frames and is non–negative. NearM the potential behaves as V = 1
2
aR2+O(R3),
whence V > 0 for a > 0. An analogous positive–energy theorem may be proved in
restricted NLG theories for spacetimes which are asymptotically AdS space. The case
of spacetimes which asymptotically converge to de Sitter space is more complicated be-
cause dS is not globally stationary and we disregard it.
Let g¯µν be the metric of AdS space in the following coordinates:
ds¯2 = g¯µνdx
µdxν = −(1 + r
2
a2
) dt2 + (1 +
r2
a2
)−1dr2 + r2(dθ2 + sin2 θ dϕ2), (26)
the cosmological constant is Λ = − 3
a2
, a = const > 0 and R¯ = λ = 4Λ. Let gµν be a
solution of the ﬁeld equations (12) in JF which asymptotically approaches AdS metric
(26), gµν = g¯µν + hµν . Clearly gµν is a solution to Einstein ﬁeld equations Gµν(g) = θµν
in HJF, then the Abbott–Deser approach [52] applies and the total energy of the ﬁelds




























h12 ctg θ], (27)
here xi = (r, θ, φ) and the timelike Killing vector in the Abbott–Deser formula is chosen
as ξµ = δµ0 , then its normalization at r = 0 is ξ
µξµ = −1. In general all the components
of hµν are algebraically independent and the requirement that separately each term in
the integrand of (27) gives rise to a ﬁnite integral (what amounts to requiring that each
term be independent of r) provides the asymptotic behaviour of:
h00, h22 and h33 are of order r
−1, h11 = O(r−5) and h12 = O(r−2) = h13.
A spacetime being asymptotically anti–de Sitter space is deﬁned in [74] and according
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to this deﬁnition a solution approaches AdS slower than is required by ﬁniteness of its
energy. We assume that the six components of hµν behave as shown above while the re-
maining four components, which do not enter the energy integral, tend to AdS as in the
deﬁnition in [74], h01 = O(r
−1) and h02, h03 and h23 are O(r). Under these assumptions
the scalar R(g) for a solution with ﬁnite energy approaches R¯ = 4Λ as R→ 4Λ+O(r−2).
In Einstein frame an analogous integral expression for EAD[g˜] holds for the corre-
sponding solution g˜µν with hµν replaced by h˜µν = p(R)hµν . For r → ∞ the conformal
factor is p = f ′(R) = f ′(R¯+O(r−2)) = f ′(4Λ)+O(r−2) (assuming that f ′′(4Λ) 6= 0 and
ﬁnite), whence EAD[g˜] = f
′(4Λ)EAD[g] is ﬁnite. This energy is positive according to the
positive energy theorem in general relativity provided V (φ) > 0. Since f ′(4Λ) > 0 by
assumption, we get that in spite of the indeﬁniteness of the tensor θµν(g, p) in HJF the
positive–energy theorem for restricted NLG theories holds:
(i) if L = f(R) admits AdS space with R¯ = 4Λ < 0 as a solution, (ii) f ′(4Λ) > 0 and
f ′′(4Λ) 6= 0 is ﬁnite, (iii) the potential V (φ) in EF is non–negative and (iv) a solution
gµν in JF or equivalently the pair (gµν , p) in HJF tends suﬃciently quickly to AdS space
for r →∞, then the total energy in JF is equal to the AD energy in HJF and positive
and proportional to that in EF,
EAD[g] = (f
′(4Λ))−1EAD[g˜] > 0.
Recall that the AD deﬁnition of conserved energy only makes sense in HJF (and EF)
since we have no notion of total energy for fourth–order equations of motion. Total
gravitational energy in Jordan frame is therefore deﬁned as a quantity equal to that in
HJF.
7 Minimum of the potential and stability
In order to establish whether the potential for the scalar gravity φ in Einstein frame
is non–negative in a vicinity of a candidate ground state solution M, dS or AdS, it is
necessary to calculate the ﬁrst and second derivative of V at this state. To this end one
ﬁrst determines the derivative dr
dp
of the inverse function R = r(p) to the deﬁnition of
the scalar, p = df
dR
































and this expression should also be inserted into the ﬁeld equation (23) for φ.
Consider a CGS solution in Jordan frame with Gαβ = −14λg¯αβ and R(g¯) = λ where
λ is a solution to (13). In HJF the scalar p at this state is p0 ≡ p(λ) = f ′(λ) > 0. For
the function r(p) one has r(p0) = r(f
′(λ)) = λ. Under the conformal map from HJF to
EF the metric g¯µν of the CGS solution is mapped to g˜µν = p0g¯µν = f
′(λ)g¯µν and the






ln f ′(λ). The Einstein tensor remains invariant under a
constant rescaling of the metric, hence











ThusM, dS and AdS spaces in JF (and HJF) are respectively mapped ontoM, dS and
AdS spaces in EF satisfying G˜µν(g˜) = −Λg˜µν and being the CGS solutions in Einstein
frame. Physical excitations of the ﬁeld φ in EF should be counted from its ground value



















The potential for the scalar excitation ψ is then
U(ψ) ≡ V (φ)− V (φ0) = V (p(φ))− Λ
κ2
(30)
and vanishes for vanishing excitation, U(0) = 0. The ﬁeld equations (22) and (23)
are now modiﬁed to (hereafter g˜µν denotes any dynamical metric in EF, not only the
maximally symmetic CGS solutions)





















The ﬁrst derivative of U with respect to ψ (or p) vanishes when
2
p
f(r(p))− r(p) = 0
and this equation viewed as an equation for r coincides with eq. (13). Hence dU
dψ
= 0
only at the CGS solutions with r(pi) = λi = r(f
′(λi)), i = 1, . . . , n. In other terms the
equation λf ′(λ) = 2f(λ) determines all stationary points of U . At each of these points
the potential Ui(ψ) = V (φ)−Λi/κ2 vanishes provided Λi = λi(4f ′(λi))−1. On the other
hand U(ψ) (for a ﬁxed value of λ) may also vanish at some points ri diﬀerent from the
solutions λi but these are not its stationary points; if such points exist the dominant
energy condition is broken and a kind of (nonlinear) instability may develop.
The second derivative of the potential, determining its behaviour at a stationary
























For regular Lagrangians we are considering in this work one has f ′′(λ) 6= 0 ﬁnite. The



















The linear perturbation method applied in [69] implies that stability occurs whenever
the weak inequality in (35) holds17.
17In the paper [75] it is claimed that linear stability of spatially flat R–W metric (k = 0) requires
f ′′(R) > 0. This result is compatible with (34) and (35). Yet Faraoni [76] incorrectly finds that this
result applies to any L = f(R) theory.
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The derivation of (34) holds both for λ = 0 and λ 6= 0. The case λ = 0 is simpler to
study. In this case f(0) = 0 and assuming analyticity around R = 0 one has





then f(0) = 0, f ′(0) = 1, f ′′(0) = 2a 6= 0 and U ′′(0) = 1
6a
. For a > 0 the potential
U ≥ 0 and the scalar ﬁeld satisﬁes DEC. For spacetimes which are asymptotically ﬂat
it is known [31] that EADM [g] = EADM [g˜, ψ] ≥ 0 and the total energy vanishes only in
Minkowski spacetime, g˜µν = ηµν = gµν and ψ = 0.
In de Sitter space (λ > 0) there are following cases:
— for f ′′(λ) < 0 the potential attains maximum at ψ = 0 and the space is unstable;
— for f ′′(λ) > 0 and f ′(λ) > λf ′′(λ) there is minimum of U and U(ψ) ≥ 0, hence the
space is stable;
— for f ′′(λ) > 0 and f ′(λ) < λf ′′(λ) one ﬁnds U ′′(0) < 0 and instabilities develop.
For anti–de Sitter space the situation is reversed:
— for f ′′(λ) < 0 and f ′(λ) > λf ′′(λ) the negative potential attains maximum and the
space is unstable;
— for f ′′(λ) < 0 and f ′(λ) < λf ′′(λ) the potential is at minimum and AdS is stable;
— for f ′′(λ) > 0 the minimum of U shows stability of the space.
About a stable ground state solution with R(g) = λi the potential for the scalar
















Finally we return to the problem of singular Lagrangians (24) for which f(λ) = 0 =
f ′(λ); for them the derivative (34) is divergent and the method of deriving it does not
work. One may instead apply the gauge invariant perturbation method for de Sitter
space directly in Jordan frame which gives rise [69] to the inequality (35). Let the lowest
nonvanishing coeﬃcient in the series (24) be ak. If k > 2 then also f
′′(λ) = 0 and the
expression (35) becomes indeterminate. In order to give it a deﬁnite value we deﬁne a
function





and deﬁne J(λ) as its limit for R → λ. Let R = λ + ǫ, |ǫ| ≪ 1, then f ′(R) =
kakǫ
k−1 +O(ǫk), f ′′(R) = k(k − 1)akǫk−2 +O(ǫk−1) and
J(λ+ ǫ) = −(λ+ ǫ) + ǫ
k − 1 +O(ǫ
2).
Hence the stability criterion is J(λ) = −λ ≥ 0. Recall that the method works only in dS
space, λ ≥ 0, therefore the conclusion is that for all NLG theories having Lagrangians of
the form (24) with λ > 0, de Sitter space (as a CGS solution18) is unstable. None of the
methods can be applied to these Lagrangians in the case λ < 0. It might be argued that
by continuity the criterion J(λ) ≥ 0 should also work for λ < 0, then all AdS spaces
would be stable in these theories. However this argument is of little reliability.
In section 2 an astonishing theorem was mentioned to the eﬀect that an anti–de
Sitter space may be stable in spite of the fact that the scalar ψ has a tachyonic mass
(i.e., the potential U(ψ) < 0 and attains maximum at this space) [43]. In fact, if small
ﬂuctuations of the scalar gravity vanish suﬃciently fast at spatial inﬁnity of AdS space
(i.e., for r → ∞ in the metric (26)), the kinetic energy of the ﬁeld dominates over its




√−g¯ T 0νξν ,





at ψ = 0. Since the energy of gravitational perturbations of AdS space is positive [52],
the total energy of metric and scalar ﬁeld ﬂuctuations is positive and Breitenlohner
and Freedman conclude [43] that AdS space is stable against these (small) ﬂuctuations.
Applying the deﬁnition of Λ in Einstein frame arising in NLG theories, the condition of










It should be stressed, however, that in this case the dominant energy condition is violated
(only the total energy of the scalar is positive). From the viewpoint of a rigorous
mathematical approach to the stability problem this condition is rather unreliable [66].
8 Examples: specific Lagrangians
We now apply the stability criteria of the previous section to a number of Lagrangians,
some of which were already discussed in the literature. We assume that the Lagrangians
18Besides R = λ there are in general other solutions to Rf ′(R) = 2f(R), e.g. for f(R) = a(R − λ)3
the other solution is R = −2λ.
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depend on one dimensional constant µ and some dimensionless constants. µ is positive
and has dimension (length)−1 so that R/µ2 is a pure number.
1. L = R +
µ4n+4
R2n+1
, n = 0, 1, . . . .
This Lagrangian belongs to the class which admits no CGS solutions since it is given by
eq. (14) for a = 0 and F (R) = −R−(2n+3)µ4n+4R−(2n+1). Clearly it should be rejected.
2. L = R +
µ4n+2
R2n
, n = 1, 2, . . . .
There is only one CGS solution with λ = λ− ≡ −(2n + 2)
1
2n+1µ2 < 0, f ′(λ) = (2n +
1)(n+ 1)−1 > 0 and the scalar is






We consider spacetimes with R = r in vicinity of R = λ−, so that −∞ < r < 0 and
1 < p < +∞. The inverse function is







and the potential reads
















The potential is always non-negative and U ≤
∣∣∣Λ−
κ2
∣∣∣. It attains minimum at ψ = 0
showing that AdS space is a stable ground state solution for this theory.
3. L = R− µ
4n+2
R2n
, n = 1, 2, . . . .
Here







while λ and r(p) have the same moduli and opposite sign to those in the previous case:
dS space is the unique CGS solution for λ = λ+ = −λ− > 0 and r(p) = r+ = −r−(p).
Accordingly, the cosmological constant is Λ = Λ+ = −Λ−. Now we take r around
r = λ+, i.e., 0 < r <∞ and again 1 < p <∞. The potential is U = U+ = −U−, hence
it is contained in the interval −Λ+
κ2
≤ U+ ≤ 0. This indicates that U has maximum at
ψ = 0 and this fact is conﬁrmed by a direct computation. In conclusion, de Sitter space
is unstable and this theory is discarded as unphysical.
4. L = R− µ
4n+4
R2n+1
, n = 0, 1, . . . .
This Lagrangian has been most frequently studied in applications to the accelerating
universe, usually for n = 0. Most expressions here are akin to respective ones in the
case 3. The scalar ﬁeld is always greater than 1,






and there are two CGS solutions for
λ± = ±(2n + 3)
1
2n+2µ2, (47)
hence p(λ±) = p(λ−) = 4n+42n+3 . The two CGS solutions deﬁne two diﬀerent sectors of the
theory which should be separately studied.
A. De Sitter space sector.
λ = λ+ > 0 and the sector comprises all positive values of r. The inverse function is







giving rise to the potential [3]











which is always non-positive and attains maximum at dS space. This space is then un-
stable (for n = 0 it was found in [3, 69]) and this sector of the theory must be rejected
(on other grounds this conclusion was derived in [79]).
B. Anti–de Sitter space sector.
Its existence was ﬁrst noticed in [3] but its properties were never analyzed in detail,
probably due to the fact that a negative Λ does not ﬁt the observed accelerated expan-
sion. λ = λ− < 0 and accordingly −∞ < r < 0, hence r(p) = r−(p) = −r+(p) and
U = U− = −U+ with Λ− = −Λ+. This potential is non-negative and has minimum
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at ψ = 0. This sector has a stable ground state solution19 and in this sense it forms a





µ2 while for n→∞ it tends to m2 → µ2
6
. Disregarding the incompatibility of
this theory with the cosmic acceleration, one may make a rough estimate of µ. Since Λ
is of order −µ2 for all n ≥ 0 and the observational limit is |Λ| ≤ 10−52m−2 one gets an
upper limit µ ≤ 10−26m−1 or µh¯c ≤ 10−33eV, very small indeed.




, α ≥ 0.
This Lagrangian appeared in the metric–aﬃne approach to gravity [80]. The equation
Rf ′(R) − 2f(R) = 0 cannot be analytically solved even in the case α = 0 (it can only
be shown that the roots do not lie close to R = 0) and for practical reasons this theory
must be rejected.












R2, a > 0.
One may start from a more general Lagrangian [81]
L = γR + b ln(cR) +
a′
µ2
R2, a′, b, c > 0,
but then eq. (13) for λ cannot be solved analytically. We therefore set γ = 0 and
multiply L by µ2/b and deﬁne a = a
′
b
µ2; ﬁnally we choose such value of c as to get a








r > 0. To invert this function we ﬁrst notice that p(r)→∞ for both r → 0 and r →∞
and has minimum at r0 = µ
2/
√
2a equal to p(r0) = 2
√
2a. Hence p(r) may be inverted
either in the interval 0 < r < r0 or r > r0. To choose the correct interval one must
establish whether λ = µ2 belongs to the ascending or descending branch of p(r) and this
depends on the value of a. We assume a > 1/2, then µ2 > r0 and dS space lies on the
ascending branch of p (for a < 1/2 a similar procedure can be performed). Solving (50)










19In [76] it is claimed that Lagrangians given in cases 3 and 4 (for both n even and odd) always
develop instabilities while Lagrangians in cases 1 and 2 always describe a stable theory.
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where P ≡ p+√p2 − 8a and Λ = µ2
4(2a+1)
. This implies f ′(λ) = 2a+1 > λf ′′(λ) = 2a−1
and the potential has minimum at ψ = 0. This theory has dS space as a stable ground
state and is viable.
The case a = 1/2 is singular since f ′′(µ2) = 0 and p(r) cannot be inverted around
r = µ2 while f ′(µ2) = 2. Formally the conformal map to EF exists at this point but the
potential U cannot be deﬁned there. None of the methods to check the stability does
work there and it is reasonable to disregard this case.











requires a separate treatment. Again λ = µ2, p = µ
2
r
, r > 0 and the unique inverse
function is r(p) = µ2/p. f ′(λ) = 1 and f ′′(λ) = − 1
µ2
give rise to U ′′(0) = −2
3
µ2. De
Sitter space in this case is unstable making the teory untenable.
The additive constant appearing in this Lagrangian (as well as in the case 6) is inessential
in the sense that it only aﬀects the absolute value of λ (but not its sign) and has no









a real dimensionless, one gets again p = µ
2
r
and the value of λ is shifted to λ = µ2 exp(1
2
−
a), hence it is still dS space. Then f ′(λ) = −µ−2 exp(2a− 1) implying
U ′′(0) = −µ
2
3
[1 + exp(1− 2a)] ,
hence dS space is unstable for any a. This case is, however, exceptional: we will see
below that in general not only µ but also dimensionless parameters in L determine sta-
bility of CGS solutions.





for α rational (negative and positive) has also attracted some attention [69, 80, 45] since
it is a scale–invariant theory. For non–integer α one should actually take |R|α. If α < 0
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the equation Rf ′(R) = 2f(R) is solved only by R = ±∞ and we reject this case. For
α = 2 one gets the degenerate Lagrangian R2 which we disregard. For α > 2 integer
this is a singular Lagrangian (24) discussed in section 7 having λ = 0 and the criterion
−λ ≥ 0 yields that Minkowski space is stable for these theories. Putting aside the
obvious case α = 1 one considers α > 0 non–integer. f(0) = 0 always. For 0 < α < 1
both f ′(0) and f ′′(0) are inﬁnite, for 1 < α < 2 there is f ′(0) = 0 and f ′′(0) = ∞
and for α > 2 both f ′(0) = f ′′(0) = 0. Once again one may apply the function J(R)
deﬁned in (39) and it is equal J = 2−α
α−1R so that J(0) = 0 and for all three cases the
criterion J(0) ≥ 0 is satisﬁed. One may thus claim that for all α > 0 Minkowski space
is the unique stable ground state, nevertheless it is diﬃcult to avoid impression that for
α 6= 1 the theory is bizarre and rather unphysical (and furthermore in conﬂict with the
astronomical observations, as mentioned in sect. 1).







a real [5, 24, 69]. The scalar ﬁeld is







and there are two CGS solutions with λ± = ±
√
3µ2, which are the same as for the case
a = 0 (Lagrangian in item 4 for n = 0) since the R2 term does not contribute to λ. The
attempt to ﬁnd the inverse function r(p) leads to a cubic equation and solving it would
be impractical. We therefore quit from computing the explicit form of the potential (an
implicit form of V is given in [5]) and restrict ourselves to studying its extrema.
A. De Sitter sector for λ = λ+.











and from (34) one ﬁnds:








dS space is unstable and




dS space is stable.




where f ′′(λ+) = 0.
B. Anti–de Sitter sector with λ = λ−.



















potential has maximum. This, however, does not automatically imply the instability
since one should furthermore apply the criterion (40) of positivity of scalar ﬁeld energy.
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It follows from it that AdS space is








with respect to scalar ﬁeld perturbations with positive
energy,





In the range of values of a for which the theory is stable in the standard sense (the
















The particle masses tend to inﬁnity when a approaches the ﬁnite limits of the admissible
range. m+ monotonically decreases and becomes very small for large values of a while in
the AdS sector the scalar particle mass attains minimum m2− =
2√
3
µ2 at a = (6
√
3)−1.








the theory has two viable sectors: one with dS space




3a + 2)]−1µ2 and the other having AdS as a ground
state with Λ− = −3
√
3[8(2 − 3√3a)]−1µ2. Classically these are two diﬀerent physical
theories, each with a unique ground state. One cannot claim that this is one theory
having two diﬀerent and distant (in the space of solutions) local minima of energy. En-
ergetically these two states are incomparable, each of them has vanishing energy (deﬁned
with respect to itself) and assuming that one of these minima is lower than the other
is meaningless [51]. One may only compare the masses of the scalar gravity in the two





decreases monotonically from inﬁnity for a approaching
(3
√
3)−1 to zero for a tending to 2(3
√
3)−1. If one believes that this Lagrangian describes
the physical reality a diﬃcult problem arises: how does the nature choose which of the
two theories with the same Lagrangian is to be realized? In our opinion the nature
avoids this problem merely by avoiding this Lagrangian (and other ones with the same
feature).
This Lagrangian illustrates a general rule: all the parameters appearing in a Lagrangian
do contribute to determination of stable sectors (i.e., physically distinct theories) corre-
sponding to it.





, θ = ±1.





> 0, then to each value of θ there

























implying U ′′(0) = −θµ2
3e2
. For θ = +1 de Sitter space with λ = 2µ2 is unstable and the
theory is discarded, while for θ = −1 the Lagrangian describes a viable gravity theory
having AdS space as the stable ground state and the scalar gravity particles carry the








11. Finally we consider a class of ”toy models”’ possessing inﬁnite number of ground
states. For convenience we introduce a dimensionless variable x = R/µ2 and assume







and h(x) is a continuous periodic function taking both positive and negative values,








and is positive if x+h(x) > 0. For an arbitrary h one cannot ﬁnd r(p) and the potential;
here it is suﬃcient to determine CGS solutions and U ′′ at these states. The eq. (13)
takes now the form xdF
dx












= x+ h(x), (57)
hence those x which are solutions of (56) must also be solutions to h(x) = 0. Since
M1 ≤ h(x) ≤ M2 there is at least one root of h(x) = 0 and for a continuous periodic
function there is inﬁnite number of zeros, h(xn) = 0, n = 0, 1, . . . and λn = µ
2xn. Note
that xn 6= 0 since λ = 0 implies f(0) = µ2 exp(2I(0)) = 0 while I(0) is ﬁnite by its
deﬁnition. The function x + h(x) tends to ±∞ for x → ±∞, hence there is a point
x = y such that y + h(y) = 0 and y 6= 0. To ensure that x + h(x) > 0 for x > y one
requires x+ h(x) be monotonic, i.e. 1 + h′(x) > 0. Then I(x) is deﬁned (and positive)











1− h′(xn) . (58)
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The condition h′(x) > −1 does not determine the sign of the fraction and to this aim
one must specify h. Here we choose as an example h(x) ≡ 1
2
(sin x − cosx). Clearly
h′(x) = 1
2
(sin x + cosx) > −1 and the unique solution of x + 1
2
(sin x − cosx) = 0 is














therefore the inﬁnite sequence of dS spaces with curvatures λ2n+1 = µ
2x2n+1 deﬁnes
unphysical (unstable) sectors of the theory. Yet the other sequence for n even consists
of dS spaces having curvatures λ2n = (2n+
1
4
)πµ2 which are stable for this Lagrangian.










It is reasonable to conjecture that the accelerated expansion of the universe is not driven
by an extremely exotic and unknown to physics kind of matter with negative pressure
but is rather due to some modiﬁcation of gravitational interactions. However in search
for a modiﬁed gravity theory great caution is necessary. Gravitational physics is ex-
ceptional among all branches of physics in that there is a great variety of competing
theories, all of which are some variations of Einstein’s general relativity. Modiﬁcations
may go in all possible directions while in most cases gravity theories applied to cosmol-
ogy diﬀer from general relativity only in one axiom: the form of the ﬁeld equations. The
assumption that a gravitational Lagrangian is an arbitrary function L = f(gµν , Rαβµν)
gives rise to inﬁnity20 of theories and choosing the correct one is a hard task. It is
almost invariably attempted to make this choice employing the cosmic scale factor a(t)
in the spatially ﬂat Robertson–Walker spacetime. This approach is actually hopeless
even in the framework of restricted metric gravity theories with L = f(R). It has been
shown [23] that if one knows the exact analytic form of a(t) and a number of initial
conditions, then the function f(R) is a unique solution of a linear third order ODE.
This method does not work in practice since the equation is intractably complicated.
The fundamental cause that the method cannot work is that the real physical spacetime
is not R–W one. The cosmic matter distribution becomes homogeneous and isotropic
only asymptotically at large scales. If one were ingenious enough to solve the diﬀerential
equation for f(R) employing that form of a(t) which best ﬁts all the astronomical data,
20The cardinality of the set of scalar functions of the curvature tensor which are at least twice
differentiable is higher than continuum.
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the resulting Lagrangian would be rather diﬀerent from the true one. The standard
Friedmannian cosmology based on general relativity is the best ﬁt to the large scale
properties of the universe (besides its acceleration) but not vice versa. The standard
model (and any other model too) provides only some approximation to the reality and
a slightly modiﬁed approximation, which also ﬁts the observations with a satisfactory
accuracy, would lead to a gravity theory diﬀerent from general relativity. It is interesting
to note that, as far as we know, nobody has attempted to solve the simpler problem:
disregarding the cosmic acceleration to reconstruct general relativity from the standard
cosmological model.
On the other hand if the exact form of the spacetime metric accurately corresponding
to the distribution of the cosmic matter were known, the problem of how to reconstruct
the underlying Lagrangian would be open: the method developed in [23] is speciﬁc to
R–W spacetime and does not work in other cases. We stress that, contrary to a common
belief, the R–W spacetime is particularly deceptive and unsuitable for recontructing the
underlying Lagrangian. This spacetime has a high symmetry and is ‘ﬂexible’ in the
sense that it contains an arbitrary function, so that it is a solution in any metric gravity
theory (while Minkowski space is not). Hence for fundamental rather than technical
reasons it should not be used for the reconstruction. If one believes at all that it is
possible to recover the Lagrangian from one (empirically found) solution, one should
apply a solution which does not appear as such in most of gravity theories and is a
characteristic feature of a possibly narrow class of theories.
A direct comparison of predictions of a given theory with observations is obstructed
by the fact that any nonlinear gravity theory may be formulated in inﬁnite number of
distinct frames and many of them have advantage over the original Jordan frame (in
which all the theories are initially formulated) in displaying the number of degrees of
freedom, the particle spectrum and the dynamics of these ﬁelds. Since the problem
of which frame is physical (i.e. consists of directly measurable dynamical variables)
still remains a matter of a vivid debate and since for this reason any agreement (or
disagreement) of the given theory with the observational data may be criticized, instead
of attempting to deduce a gravity theory from the data and prior to attempting such
a confrontation for a chosen theory, one should verify if the theory meets the general
requirements imposed on a classical ﬁeld theory. A general L = f(gµν , Rαβµν) metric
theory has eight degrees of freedom and describes a gravitational triplet consisting of
the metric, a massive spin–two ﬁeld and a massive scalar ﬁeld. For L = f(R) the spin–2
ﬁeld disappears. How many conditions a gravity theory should satisfy to be regarded a
viable one may be disputable (e.g. should it have quantization properties better than
general relativity?). The criterion that a theory have a stable ground state being a
maximally symmetric spacetime is indisputable.
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All the L = f(gµν , Rαβ) theories less diﬀer from each other than it is expected in
the original Jordan frame since they may be mapped onto general relativity (including
the two massive ﬁelds) and in this sense the latter theory is clearly distinguished as
being a universal Hamiltonian image of all these theories. In order to study stability of
either Minkowski, de Sitter or anti–de Sitter spaces in these theories one may therefore
apply the methods developed to this aim in general relativity. In this paper we have
investigated stability of these spaces in L = f(R) gravity theories and have given an
explicit and eﬀective method of checking it based on the dominant energy condition
applied to the scalar component of the gravitational doublet. After applying the method
to eleven speciﬁc Lagrangians it has turned out that, as it was a priori expected, roughly
speaking half of them give rise to viable theories. And a generic feature is the existence
of multiple vacua (stable ground states), each generating a separate physical sector or
rather a separate gravity theory, all having the same Lagrangian. Hence it is expected
that there is an inﬁnity of viable gravity theories. What to do with such a wealth of
theories (all diﬀering from each other only by the form of the potential for the scalar
gravity ﬁeld)? One should apply other viability criteria coming from classical ﬁeld
theory, but above all one should provide a deeper physical motivation (diﬀerent from
the wish to account for the cosmic acceleration) for choosing a speciﬁc Lagrangian rather
than any other. In other terms the cosmic acceleration should be a new important test
for a modiﬁed gravity theory but does not provide a way for reconstructing it.
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